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ASYMPTOTIC BEHAVIOR OF THE NAVIER–STOKES SYSTEM IN
A THIN DOMAIN WITH NAVIER CONDITION ON A SLIGHTLY
ROUGH BOUNDARY∗
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Abstract. We study the asymptotic behavior of the solutions of the Navier–Stokes system in
a thin domain Ωε of thickness ε satisfying the Navier boundary condition on a periodic rough set
Γε ⊂ ∂Ωε of period rε and amplitude δε, with δε  rε  ε. We prove that the limit behavior as ε
goes to zero depends on the limit λ of δεε
1
2 /r
3
2
ε . Namely, if λ = +∞, the roughness is so strong that
the ﬂuid behaves as if we had imposed the adherence condition on Γε. If λ = 0, the roughness is too
weak and the ﬂuid behaves as if Γε were a plane. Finally, if λ ∈ (0,+∞), the roughness is strong
enough to make a new friction term appear in the limit.
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1. Introduction. The most usual boundary condition for a viscous ﬂuid sur-
rounded by an impermeable wall is the adherence condition, which establishes that
the velocity of the ﬂuid vanishes on the boundary. However, some other boundary
conditions can be imposed. The Navier boundary condition consists in adding to
the impenetrability condition (i.e., that the normal velocity vanishes) that, on the
tangential component, the wall acts as a friction force. In the present paper we are
interested in the relationship between the adherence and the Navier conditions for the
case of a rough boundary.
In [12], it has been considered a rough boundary Γε described by the equation
(1.1) x3 = rεΨ
(
x1
rε
,
x2
rε
)
∀(x1, x2) ∈ ω,
with rε > 0 a parameter devoted to converge to zero, ω a bounded open set of R
2,
and Ψ a smooth periodic function. It has been proved that, assuming that the wall Γε
is impermeable (i.e., the normal velocity vanishes) and that the velocity is bounded
in the topology of the Sobolev space H1, then, in the limit, the velocity u of the ﬂuid
satisﬁes the condition
u(x1, x2, 0)∇Ψ(z1, z2) = 0 ∀ (z1, z2) ∈ R2, a.e. (x1, x2) ∈ ω.
In particular, if
(1.2) Span({∇Ψ(z1, z2) : (z1, z2) ∈ R2}) = R2,
which always holds except in the case where Ψ is constant in one direction, we get
that the velocity of the ﬂuid vanishes on the boundary; i.e., it satisﬁes the adherence
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condition. Therefore, under these assumptions, the Navier and adherence conditions
are asymptotically equivalent. This shows that the adherence condition, which is
usually observed in practice, may be due to the existence of microasperities.
The equivalence between the Navier and adherence conditions was also proved in
[10] for the more general case of a boundary (not necessarily periodic) described by
the equation
x3 = Ψε (x1, x2) ∀(x1, x2) ∈ ω,
with Ψε a sequence of Lipschitz functions which converges uniformly to zero and
such that the support of the Young measure associated to ∇Ψε contains at least two
independent vectors.
In [14] was considered the case of a viscous ﬂuid satisfying the Navier condition
on a slightly rough boundary described by the equation
x3 = Ψε(x1, x2) = δεΨ
(
x1
rε
,
x2
rε
)
∀(x1, x2) ∈ ω,
with
(1.3) lim
ε→0
δε
rε
= 0,
and Ψ smooth and periodic. Note that (1.3) implies that ∇Ψε converges uniformly
to zero, and so the Young measure associated to ∇Ψε is zero. Therefore we are not
in the conditions of [10]. It was proved in [14] (see also [16]) that now the asymptotic
behavior of the ﬂuid depends on the limit
(1.4) λ˜ = lim
ε→0
δε
r
3/2
ε
.
Namely, if δε/r
3
2
ε tends to inﬁnity and (1.2) holds, then the Navier and adherence
boundary conditions are still asymptotically equivalent, while if δε/r
3
2
ε tends to zero,
then the ﬂuid behaves as if the boundary were a plane. The case δε ∼ r
3
2
ε is the critical
size where the roughness is not so large to imply the adherence condition but is large
enough to make a new friction term appear in the limit.
A general result about the form of the limit equation for the Navier–Stokes system
satisfying the Navier condition on a (nonnecessarily periodic) rough boundary has
been obtained in [9].
The above results relate to a ﬁxed height domain. Our aim in the present paper
is to extend the results in [14] to the case of a domain of small height ε. Namely, for a
smooth bounded open set ω ⊂ R2 and a function Ψ in W 2,∞loc (R2), periodic of period
Z ′ = (−1/2, 1/2)2, we will consider the open set Ωε given by
Ωε =
{
(x1, x2, x3) ∈ ω × R : −δεΨ
(
x1
rε
,
x2
rε
)
< x3 < ε
}
.
The parameters rε, δε are positive and satisfy δε  rε  ε in the following sense:
lim
ε→0
rε
ε
= 0, lim
ε→0
δε
rε
= 0.
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Assuming a viscous ﬂuid governed by the Navier–Stokes system and satisfying the
Navier condition on the rough boundary
Γε =
{
(x1, x2, x3) ∈ ω × R : x3 = −δεΨ
(
x1
rε
,
x2
rε
)}
,
we show that its pressure and velocity converge to the solutions of a Reynolds system
which depends on
λ = lim
ε→0
δε
r
3/2
ε
ε1/2.
The role of λ is similar to that of the limit λ˜ deﬁned by (1.4); in fact these parameters
agree if the height ε is tending to one. Thus, we have the following:
• If λ = ∞ and (1.2) holds, then the ﬂuid behaves as if we imposed an adherence
condition.
• If λ ∈ (0,+∞), then the roughness is not strong enough to give the adherence
condition in the limit but is enough to obtain a new friction term in the limit.
• If λ = 0, the roughness is so weak that the ﬂuid behaves as if the wall were
a plane.
As in [14], the proof of our results is based on the unfolding method [4], [11], [18], but
here it is necessary to combine it with a rescaling in the height variable, in order to
work with a domain of height one. Our results were announced in [15] for the case of
the Stokes system.
The above references given in this introduction are related to the asymptotic
behavior of a viscous ﬂuid satisfying the Navier condition on a rough boundary. Other
boundary conditions have been considered by other authors. For example, the case
of nonhomogeneous Dirichlet conditions is studied in [2], and [19] for ﬁxed height
domains, and in [5], [6], [7], and [8] for small height domains. The case of ﬁxed height
domains with Fourier conditions is considered in [3].
2. Notation. The elements x ∈ R3 will be decomposed as x = (x′, x3) with
x′ ∈ R2, x3 ∈ R.
By Z ′, we denote the unitary cube of R2, Z ′ = (− 12 , 12 )2, and by Q̂ the set
Q̂ = Z ′ × (0,+∞). For every M > 0 we write Q̂M = Z ′ × (0,M).
We use the index # to mean periodicity with respect Z ′; for example, L2#(Z
′)
denotes the space of functions u ∈ L2loc(R2) which are Z ′-periodic, while L2#(Q̂)
denotes the space of functions û ∈ L2loc(R2 × (0,+∞)) such that∫
̂Q
|û|2dz < +∞, û(z′ + k′, z3) = û(z) ∀k′ ∈ Z2, a.e. z ∈ R2 × (0,+∞).
For a bounded measurable set Θ ⊂ RN , we denote by L20(Θ) the space of functions
of L2(Θ) with null integral.
We denote by ε, rε, and δε three positive parameters which tend to zero and
satisfy
(2.1) lim
ε→0
δε
rε
= 0, lim
ε→0
rε
ε
= 0.
Then, for a function Ψ ∈ W 2,∞# (Z ′), Ψ ≥ 0 in Z ′, we deﬁne the open set Λε ⊂ R3 by
(2.2) Λε =
{
x ∈ R3 : −δεΨ
(
x′
rε
)
< x3 < ε
}
,
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and for a smooth connected open set ω ⊂ R2, we take
Ωε = Λε ∩ (ω × R),(2.3)
Ω−ε = Ωε ∩ (ω × (−∞, 0)), Ω+ε = Ωε ∩ (ω × (0,+∞)),(2.4)
Γε =
{
x ∈ R3 : x′ ∈ ω, x3 = −δεΨ
(
x′
rε
)}
,(2.5)
Ω˜ε =
{
y ∈ R3 : y′ ∈ ω, −δε
ε
Ψ
(
y′
rε
)
< y3 < 1
}
,(2.6)
Γ˜ε =
{
y ∈ R3 : y′ ∈ ω, y3 = −δε
ε
Ψ
(
y′
rε
)}
,(2.7)
Ω = ω × (0, 1), Γ = ω × {0}.(2.8)
We denote by ν the outside unitary normal vector to Ωε on ∂Ωε.
The orthogonal projection on the tangent space of ∂Ωε will be denoted by T , i.e.,
Tξ = ξ − (ξν)ν ∀ξ ∈ R3, a.e. on ∂Ωε.
For k′ ∈ Z2 and ρ > 0, we denote
Ck
′
ρ = ρk
′ + ρZ ′, Qk
′
ρ = Λε ∩ (Ck
′
ρ × R).
We deﬁne κ : R2 → Z2 by
κ(x′) = k′ ⇔ x′ ∈ Ck′1 .
Note that κ is well deﬁned up to a set of zero measure in R2 (the set ∪k′∈Z2∂Ck′1 ).
Moreover, for every ρ > 0, we have
κ
(
x′
ρ
)
= k′ ⇔ x′ ∈ Ck′ρ .
For a.e. x′ ∈ R2 we deﬁne Crε(x′) as the square Ck
′
rε such that x
′ belongs to Ck
′
rε .
We denote by V the space of functions v̂ : R2 × (0,+∞)→ R such that
v̂ ∈ H1#(Q̂M ) ∀M > 0, ∇v̂ ∈ L2#(Q̂)3.
It is a Hilbert space endowed with the norm ‖ · ‖V deﬁned by
‖v̂‖2V = ‖v̂‖2L2(Z′×{0}) + ‖∇v̂‖2L2( ̂Q)3 .
We denote by Oε a generic real sequence which tends to zero with ε and can
change from line to line.
We denote by C a generic positive constant which can change from line to line.
3. Main results. In the present section we describe the asymptotic behavior of
a sequence (uε, pε), solution of the Navier–Stokes system
(3.1)
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
−μΔuε + (uε · ∇)uε +∇pε = fε in Ωε,
div uε = 0 in Ωε,
uεν = 0, T
(
μ
∂uε
∂ν
+
γ
ε
uε
)
= 0 on Γε,
uε = 0 on ∂Ωε \ Γε,
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where Ωε and Γε are deﬁned by (2.3) and (2.5). The viscosity μ is assumed strictly
positive and the friction coeﬃcient γ nonnegative. The right-hand side fε is of the
form
(3.2) fε(x) = f˜
(
x′,
x3
ε
)
, a.e. x ∈ Ωε,
where f˜ is assumed in L2(ω × (−1, 1))3. The proof of the corresponding results will
be given in the following sections.
The existence of solution for problem (3.1) and a priori estimate is given by the
following result.
Theorem 3.1. We consider ω a bounded domain of class C2. Then problem (3.1)
has at least a solution (uε, pε) in H
1(Ωε)
3×L20(Ωε). Moreover, there exist ε0 > 0 and
C > 0 such that for ε ∈ (0, ε0), every solution (uε, pε) of (3.1) satisfies
(3.3) ‖uε‖L2(Ωε)3 ≤ Cε5/2, ‖Duε‖L2(Ωε)3×3 ≤ Cε3/2, ‖pε‖L20(Ωε) ≤ Cε1/2.
In fact, the pressure pε can be decomposed as pε = p
0
ε + p
1
ε, with p
0
ε ∈ H1(ω) (it does
not depend on the variable x3), p
1
ε ∈ L2(Ωε), and
(3.4) ‖p0ε‖H1(ω) ≤ C, ‖p1ε‖L2(Ωε) ≤ Cε3/2.
Remark 3.2. Although we have stated Theorem 3.1 for ω of class C2, the result
can be extended for ω Lipschitz or more generally for an open set satisfying the interior
uniform cone condition, but the proof is much more diﬃcult. This corresponds to a
particular case of a work in progress, where we also give some applications to linear
elasticity. This would extend Theorems 3.3, 3.4, and 3.8 below to the case of ω
Lipschitz.
As is usual when dealing with thin domains, we use the dilatation
(3.5) y′ = x′, y3 =
x3
ε
,
which transforms Ωε in the sequence of open sets with ﬁxed height, Ω˜ε, deﬁned by
(2.6). Thus, we introduce u˜ε ∈ H1(Ω˜ε)3, and p˜ε ∈ L20(Ω˜ε) by
(3.6) u˜ε(y) = uε(y
′, εy3), p˜ε(y) = pε(y′, εy3), a.e. y ∈ Ω˜ε.
Our goal then is to describe the asymptotic behavior of these new sequences u˜ε,
p˜ε. This is given by the following theorem.
Theorem 3.3. We consider ω a bounded domain of class C2. Assume there
exists (this always holds for a subsequence)
(3.7) λ = lim
ε→0
δεε
1
2
r
3
2
ε
∈ [0,+∞].
Let (uε, pε) ∈ H1(Ωε)3×L20(Ωε) be a solution of (3.1) and let u˜ε, p˜ε be given by (3.6).
Then we have
u˜ε
ε
⇀ 0 in H1(Ω)3,
u˜ε
ε2
⇀ (u˜′, 0) in H1(0, 1;L2(ω))3,
u˜ε,3
ε3
⇀ w˜ in H2(0, 1;H−1(ω)),
(3.8)
p˜ε → p˜ in L2(Ω), ∂y3 p˜ε
ε
⇀ f˜3 in L
2(ω;H−1(0, 1)),(3.9)
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where u˜′ ∈ H1(0, 1;L2(ω))2, w˜ ∈ H2(0, 1;H−1(ω)), and p˜ ∈ H1(ω) ∩ L20(ω) are the
unique solutions of the system
(3.10)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎩
−μ∂2y3y3 u˜′ +∇y′ p˜ = f˜ ′ in Ω,
divy′ u˜
′ + ∂y3w˜ = 0 in Ω,
u˜′(y′, 1) = w˜(y′, 0) = w˜(y′, 1) = 0 in ω,
∫ 1
0
u˜′(y) dy3 ν = 0 on ∂ω,
plus the following boundary condition on Γ, which depends on the value of λ.
(i) If λ = +∞, then defining
(3.11) W = Span ({∇Ψ(z′) : z′ ∈ Z ′}) ,
we have that u˜′ satisfies
(3.12) −μ∂y3u˜′ + γu˜′ ∈ W, u˜′ ∈ W⊥ on Γ.
(ii) If λ ∈ (0,+∞), then defining (φ̂i, q̂i) ∈ V3 × L2#(Z ′ × R+), i = 1, 2, as a
solution of
(3.13)
⎧⎪⎪⎨⎪⎪⎩
−μΔzφ̂i +∇z q̂i = 0 in R2 × R+,
divzφ̂
i = 0 in R2 × R+,
φ̂i3 = ∂ziΨ, ∂z3(φ̂
i)′ = 0 on R2 × {0},
and R ∈ R2×2 by
(3.14) Rij = μ
∫
Z′×(0,+∞)
Dzφ̂
i : Dzφ̂
j dz ∀ i, j ∈ {1, 2},
we have that u˜′ satisfies
(3.15) −μ∂y3 u˜′ + γu˜′ + λ2Ru˜′ = 0 on Γ.
(iii) If λ = 0, then we have that u˜′ satisfies
(3.16) −μ∂y3 u˜′ + γu˜′ = 0 on Γ.
From (3.10), (3.12), (3.15), and (3.16), as is usual in the asymptotic study of ﬂuids
in thin domains, we can prove that the limit pressure p˜ is a solution of a Reynolds
problem and that the functions u˜′ and w˜ can be explicitly obtained from p˜. This
implies in particular that the system satisﬁed by u˜′, w˜, and p˜ has a unique solution
such as has been stated in Theorem 3.3. For the sake of simplicity, we just consider
the case where f˜ ′ does not depend on the variable y3. Note that this assumption
usually holds in the applications because Ωε is very thin, and so the variations in
height of the exterior forces can be neglected.
Theorem 3.4. We consider ω a bounded domain of class C2. Let (uε, pε) ∈
H1(Ωε)
3 × L20(Ωε) be a solution of (3.1) where the function f˜ ′ is assumed to not
depend on y3. Then the functions u˜
′, w˜, p˜ defined by Theorem 3.3 are given by the
following:
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(i) If λ = +∞, then p˜ is the solution of the Reynolds problem
(3.17)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−divy′
((
1
3
I +
(
1 +
γ
μ
)−1
PW⊥
)
(∇y′ p˜− f˜ ′)
)
= 0 in ω,
((
1
3
I + (1 +
γ
μ
)−1PW⊥
)
(∇y′ p˜− f˜ ′)
)
ν = 0 on ∂ω,
where PW⊥ denotes the orthogonal projection from R
2 to W⊥. Moreover, u˜′ and w˜
are given by
u˜′(y) =
(y3 − 1)
2μ
(
y3I +
(
1 +
γ
μ
)−1
PW⊥
)(
∇y′ p˜(y′)− f˜ ′(y′)
)
, a.e. y ∈ Ω,
(3.18)
w˜(y) = −
∫ y3
0
divy′ u˜
′(y′, s) ds, a.e. y ∈ Ω.(3.19)
(ii) If λ ∈ (0,+∞), then p˜ is the solution of the Reynolds problem
(3.20)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−divy′
((
1
3
I +
((
1 +
γ
μ
)
I +
λ2
μ
R
)−1)
(∇y′ p˜− f˜ ′)
)
= 0 in ω,((
1
3
I +
((
1 +
γ
μ
)
I +
λ2
μ
R
)−1)
(∇y′ p˜− f˜ ′)
)
ν = 0 on ∂ω.
Moreover, u˜′ is given by
(3.21) u˜′(y) =
(y3 − 1)
2μ
(
y3I +
((
1 +
γ
μ
)
I +
λ2
μ
R
)−1)(
∇y′ p˜(y′)− f˜ ′(y′)
)
,
a.e. y ∈ Ω, and w˜ is defined by (3.19).
(iii) If λ = 0, then p˜ is the solution of the Reynolds problem
(3.22)
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
−divy′
((
1
3
+
(
1 +
γ
μ
)−1)(
∇y′ p˜− f˜ ′)
))
= 0 in ω,
((
1
3
+
(
1 +
γ
μ
)−1)(
∇y′ p˜− f˜ ′)
))
ν = 0 on ∂ω.
Moreover, u˜′ is given by
(3.23) u˜′(y) =
1
2μ
(
y23 +
(
1 +
γ
μ
)−1)
(∇y′ p˜(y′)− f˜ ′(y′)), a.e. y ∈ Ω,
and w˜ is the null function.
Remark 3.5. For λ = +∞, Theorem 3.3 shows that uε, pε behave as if we had
assumed in (3.1) that Γε were the plane boundary {x3 = 0} and that the boundary
condition on Γε were
(3.24) −μ∂x3u′ε + γu′ε ∈ W, uε ∈ W⊥ × {0} on Γε.
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In particular, if W is R2 (which is true except if Ψ is constant in one direction), we
deduce that the Navier condition in (3.1) is asymptotically equivalent to the adherence
condition uε = 0 on Γε.
For λ ∈ (0,+∞), Theorem 3.3 shows that the asymptotic behavior of uε and pε
is the same as if Γε were the plane boundary {x3 = 0} and the boundary condition
on Γε were
(3.25) uε,3 = 0, −μ∂x3u′ε + γu′ε + λ2Ru′ε = 0 on Γε;
i.e., although the roughness is not strong enough to deduce that the Navier condition
on Γε is equivalent to (3.24), it is suﬃcient to provide the new friction term λ
2Ru′ε in
(3.25).
For λ = 0, the roughness is so weak that uε and pε behave as if Γε were the plane
boundary {x3 = 0} and the boundary condition on Γε were
(3.26) uε,3 = 0, −μ∂x3u′ε + γu′ε = 0 on Γε.
Remark 3.6. The critical size λ ∈ (0,+∞) can be considered as the general one.
In fact, the cases λ = 0, λ = +∞ can be obtained from this one, taking the limit in
(3.15) when λ tends to zero and inﬁnity, respectively.
Remark 3.7. Theorem 3.3 generalizes the result proved in [14] for a ﬂuid with
ﬁxed height. In [14] the critical size is δε ≈ r3/2ε , which agrees with the critical size in
the present paper δε ≈ r3/2ε /ε1/2 when ε = 1. Moreover, the functions φ̂i and q̂ i are
the same functions which appear in [14] to describe the behavior of the velocity and
the pressure near the rough boundary. We observe that in our case, the expression
(3.7) for λ depends not only on the parameters δε, rε which deﬁne Γε but also on the
height ε of Ωε. This is due to the fact that far from the rough boundary the behavior
of the ﬂuid is diﬀerent from the corresponding one in [14].
The following theorem (corrector result) provides approximations of uε, Duε, and
pε in the strong topology of L
2(Ωε). The sets Ω
+
ε and Ω
−
ε are deﬁned in (2.4).
Theorem 3.8. We consider ω a bounded domain of class C2. Let (uε, pε) ∈
H1(Ωε)
3 ×L20(Ωε) be a solution of (3.1) and let u˜ε, p˜ε be defined by (3.6). Then, de-
pending on the value of λ, the functions u˜′ ∈ H1(0, 1;L2(ω))2, w˜ ∈ H2(0, 1;H−1(ω)),
and p˜ ∈ L20(ω) given by Theorem 3.3 satisfy the following:
(i)
lim
ε→0
1
ε5
∫
Ω−ε
|uε|2dx = 0, lim
ε→0
1
ε5
∫
Ω+ε
(∣∣∣u′ε − ε2u˜′ (x′, x3ε )∣∣∣2 + |uε,3|2
)
dx = 0,
(3.27)
lim
ε→0
1
ε
∫
Ω−ε
|pε|2 dx = 0, lim
ε→0
1
ε
∫
Ω+ε
|pε − p˜(x′)|2dx = 0.(3.28)
(ii) If λ = 0 or +∞, then we have
(3.29)
lim
ε→0
1
ε3
∫
Ω−ε
|Duε|2dx = 0,
lim
ε→0
1
ε3
∫
Ω+ε
∣∣∣∣∣Duε − ε
2∑
i=1
∂y3 u˜i(x
′,
x3
ε
) ei ⊗ e3
∣∣∣∣∣
2
dx = 0.
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(iii) If λ ∈ (0 + ∞), taking φ̂i, i = 1, 2, as a solution of (3.13) and defining
û : ω × (R2 × R+) → R3 by
(3.30) û(x′, z) = −λ
(
u˜1(x
′, 0)φ̂1(z) + u˜2(x′, 0)φ̂ 2(z)
)
for a.e. (x′, z) ∈ ω × (R2 × R+), then we have
(3.31)
lim
ε→0
1
ε3
∫
Ω−ε
|Duε|2dx = 0,
lim
ε→0
1
ε3
∫
Ω+ε
∣∣∣∣∣Duε − ε
2∑
i=1
∂y3 u˜i
(
x′,
x3
ε
)
ei ⊗ e3
−ε
3
2
r
1
2
ε
−
∫
Crε(x′)
Dzû
(
s′,
x
rε
)
ds′
∣∣∣∣∣
2
dx = 0.
Remark 3.9. If we assume that u˜′ belongs to H1(Ω)2, then we can rewrite the
last limit in (3.31) as
lim
ε→0
1
ε3
∫
Ω+ε
∣∣∣∣∣Duε − ε
2∑
i=1
∂y3 u˜i
(
x′,
x3
ε
)
ei ⊗ e3 − ε
3
2
r
1
2
ε
Dzû
(
s′,
x
rε
)∣∣∣∣∣
2
dx = 0.
By Theorem 3.4, if f˜ ′ does not depend on y3, a suﬃcient condition to have u˜′ in
H1(Ω)2 is to assume f˜ ′ in H1(ω)2. Indeed, in this case the Reynolds equation for p˜,
(3.20), shows that p˜ is in H1(ω), and then by (3.21) u˜′ is in H1(Ω)2.
4. Existence of solution and a priori estimates. Our goal in this section is
the proof of Theorem 3.1. For this purpose we need some previous estimates which
are given by Lemma 4.1, Corollaries 4.2 and 4.3, and Proposition 4.4 below.
Lemma 4.1. Let ω be a domain of class C2 (not necessarily bounded) of R2 and
consider Ωε defined by (2.3) where δε and rε satisfy (2.1). Then there exist ε0 > 0 and
C > 0 such that for every ε ∈ (0, ε0) and every pε in L2loc(Ωε), with ∇pε ∈ H−1(Ωε)3,
there exist p0ε ∈ H1loc(ω) (it does not depend on x3) and p1ε ∈ L2(Ωε) satisfying
pε = p
0
ε + p
1
ε in Ωε,(4.1)
ε
3
2 ‖∇p0ε‖L2(ω)2 + ‖p1ε‖L2(Ωε) ≤ C‖∇pε‖H−1(Ωε)3 .(4.2)
Proof. We divide the proof in two steps.
Step 1. Let us ﬁrst consider the case ω = R2. Using the change of variables
y = x/ε, which transforms Ωε into
(4.3) Ωˇε =
{
y = (y′, y3) ∈ R3 : −δˇεΨ
(
y′
rˇε
)
< y3 < 1
}
,
with δˇε = δε/ε, rˇε = rε/ε , we get that, in this case, Lemma 4.1 is equivalent to
showing that there exists C > 0 such that for every pε ∈ L2loc(Ωˇε) with ∇pε ∈
H−1(Ωˇε)3, there exist p0ε ∈ H1loc(R2) and p1ε ∈ L2(Ωˇε) satisfying
pε = p
0
ε + p
1
ε in Ωˇε,(4.4)
‖∇p0ε‖L2(R2)2 + ‖p1ε‖L2(Ωˇε) ≤ C‖∇pε‖H−1(Ωˇε)3 .(4.5)
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We will use the following notation:
We take e′1, e
′
2 to be the vectors of the canonical basis in R
2.
For every k′ ∈ Z2 we deﬁne the sets Ck′ and C˜k′ by
Ck′ = (k
′ + Z ′)× (0, 1), Cˇk′ = [(k′ + 3Z ′)× R] ∩ Ωˇε,
the sets T+k′ , T
−
k′ as the triangles in R
2 with vertices k′, k′ + e′1, k
′ + e′2 and k
′, k′ −
e′1, k′ − e′2, respectively, and the sets Tˇ+k′ , Tˇ−k′ by
Tˇ+k′ = [T
+
k′ × R] ∩ Ωˇε, Tˇ−k′ = [T−k′ × R] ∩ Ωˇε.
Note that the triangles T+k′ , T
−
k′ , k
′ ∈ Z2, provide a triangulation in R2 whose vertexes
are pairs of integer numbers.
For pε ∈ L2loc(Ωˇε), with ∇pε ∈ H−1(Ωˇε)3, we deﬁne wε as the unique solution of
the Dirichlet problem
(4.6) −Δwε = ∇pε in Ωˇε, wε ∈ H10 (Ωˇε).
Observe that this problem has a unique solution because, for ε small, Ωˇε is contained
in the set R2 × (−M, 1) for some M > 0, and thus there exists a Poincare´ constant
for Ωˇε, independent of ε. Moreover, the sequence wε satisﬁes
(4.7) ‖∇wε‖L2(Ωˇε)3 = ‖∇pε‖H−1(Ωˇε)3 .
Now, we deﬁne p0ε as the unique continuous function in R
2 such that for every
k′ ∈ Z2, p0ε is aﬃne in the triangles T+k′ , T−k′ , and satisﬁes
(4.8) p0ε(k
′) =
∫
Ck′
pε(s) ds.
We also take
p1ε = pε − p0ε.
Clearly, p0ε belongs to W
1,∞
loc (R
2) ⊂ H1loc(R2). Moreover, for every k′ ∈ Z2, we
have
(4.9)
‖∇p0ε‖L∞(T+k )2 =
(
|p0ε(k′ + e′1)− p0ε(k′)|2 + |p0ε(k′ + e′2)− p0ε(k′)|2
) 1
2
=
⎛⎝∣∣∣∣∣
∫
Ck′+e′
1
pε(s) ds−
∫
Ck′
pε(s) ds
∣∣∣∣∣
2
+
∣∣∣∣∣
∫
Ck′+e′
2
pε(s) ds−
∫
Ck′
pε(s) ds
∣∣∣∣∣
2
⎞⎠
1
2
.
In order to estimate the two integrals on the right-hand side of (4.9), let us use
Proposition 4.1 (ii) in [14] (see also [9], [17]) and deﬁnition (4.6) of wε, which prove
that there exists C > 0 independent of ε such that
(4.10)
∫
Cˇk′
∣∣∣∣∣pε −−
∫
Cˇk′
pε ds
∣∣∣∣∣
2
dx ≤ C‖∇pε‖2H−1(Cˇk′ )3 ≤ C‖∇wε‖
2
L2(Cˇk′)3
∀ k′ ∈ Z2.D
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Using the Cauchy–Schwarz inequality, this also implies that for every A ⊂ Cˇk′ with
|A| > 0, we have
(4.11)
∣∣∣∣∣−
∫
A
pε(s) ds−−
∫
Cˇk′
pε(s) ds
∣∣∣∣∣
≤
⎛⎝−∫
A
∣∣∣∣∣pε(x)−−
∫
Cˇk′
pε(s) ds
∣∣∣∣∣
2
dx
⎞⎠1/2 ≤ C|A|1/2 ‖∇wε‖L2(Cˇk′)3 ,
and then, by (4.10),
(4.12)
∫
Cˇk′
∣∣∣∣pε −−∫
Aˇ
pε ds
∣∣∣∣2 dx ≤ C|A| ‖∇wε‖2L2(Cˇk′)3 ∀A ⊂ Cˇk′ , |A| > 0, ∀ k′ ∈ Z2.
From (4.11) with A = Ck′ and A = Ck′+e′1 , which are contained in Cˇk′ , we can
estimate the ﬁrst term on the right-hand side of (4.9) by∣∣∣∣∣
∫
Ck′+e′1
pε(s) ds−
∫
Ck′
pε(s) ds
∣∣∣∣∣
≤
∣∣∣∣∣
∫
Ck′+e′
1
pε(s) ds−−
∫
Cˇk′
pε(s) ds
∣∣∣∣∣+
∣∣∣∣∣−
∫
Cˇk′
pε(s) ds−
∫
Ck′
pε(s) ds
∣∣∣∣∣
≤ C‖∇wε‖L2(Cˇk′ )3 .
Using the same reasoning in the second term on the right-hand side of (4.9), we get
‖∇p0ε‖L∞(T+
k′ )
2 ≤ C‖∇wε‖L2(Cˇk′)3 ∀ k′ ∈ Z2.
In the same way, we can also prove
‖∇p0ε‖L∞(T−
k′ )
2 ≤ C‖∇wε‖L2(Cˇk′)3 ∀ k
′ ∈ Z2.
Using that every set Cˇk′ intersects at most 24 sets Cˇl′ , l
′ = k′, and (4.7), we deduce
(4.13)
∫
R2
|∇p0ε|2dx′ =
∑
k′∈Z2
(∫
T+
k′
|∇p0ε|2dx′ +
∫
T−
k′
|∇p0ε|2dx′
)
≤ C
∑
k′∈Z2
∫
Cˇk′
|∇wε|2dx ≤ C
∫
Ωˇε
|∇wε|2dx = C‖∇pε‖2H−1(Ωˇε)3 .
On the other hand, using that in each triangle T+k′ p
0
ε is a convex combination of the
values (4.8) of p0ε on the vertexes of this triangle, and (4.12), we have for every k
′ ∈ Z2
that∫
Tˇ+
k′
|p1ε|2dx =
∫
Tˇ+
k′
|pε − p0ε|2dx
≤
∫
Cˇk′
∣∣∣∣∣pε −−
∫
Ck′
pε ds
∣∣∣∣∣
2
dx+
∫
Cˇk′
∣∣∣∣∣pε −−
∫
Ck′+e′
1
pε ds
∣∣∣∣∣
2
dx+
∫
Cˇk′
∣∣∣∣∣pε −−
∫
Ck′+e′
2
pε ds
∣∣∣∣∣
2
dx
≤ C‖∇wε‖2L2(Cˇk′)3 .
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Analogously, we have ∫
Tˇ−
k′
|p1ε|2dx ≤ C‖∇wε‖2L2(Cˇk′)3 .
Thus, adding in k′ ∈ Z2, we get
‖p1ε‖L2(Ωˇε) ≤ C‖∇pε‖2H−1(Ωˇε)3 .
This inequality and (4.13) show (4.5).
Step 2. Let us now consider the case of a half-space ω = (0,+∞)× R. Once the
corresponding result is proved, the general case will easily follow by using a system
of local charts.
We deﬁne
Ω∗ε =
{
x = (x′, x3) ∈ R2 × R : −δεΨ
(
x′
rε
)
< x3 < ε
}
.
For pε ∈ L2loc(Ωε), with ∇pε in H−1(Ωε)3, similarly as in [23], we deﬁne p∗ε ∈ L2loc(Ω∗ε)
by
p∗ε(x1, x2, x3) =
{ −3 pε(−x1, x2, x3) + 4pε(−2x1, x2, x3) if x1 < 0,
pε(x1, x2, x3) if x1 > 0.
Then it is easy to check that ∇p∗ε belongs to H−1(Ω∗ε)3 and
‖∇p∗ε‖H−1(Ω∗ε)3 ≤ C‖∇pε‖H−1(Ωε)3 ,
with C independent of p∗ε. So, by Step 1, there exist p
∗,1
ε ∈ L2(Ω∗ε) and p∗,0ε ∈ H1loc(R2)
such that
p∗ε = p
∗,0
ε + p
∗,1
ε in Ω
∗
ε,
ε
3
2 ‖∇p∗,0ε ‖L2(R2)2 + ‖p∗,1ε ‖L2(Ω∗ε) ≤ C‖∇p∗ε‖H−1(Ω∗ε)3 ≤ C‖∇pε‖H−1(Ω∗ε)3 .
The restrictions p0ε and p
1
ε of p
∗,0
ε and p
∗,1
ε to Ωε satisfy (4.1) and (4.2).
Corollary 4.2. Let ω be a bounded domain of class C2 of R2 and consider Ωε
defined by (2.3) where δε and rε satisfy (2.1). Then there exist ε0 > 0 and C > 0, such
that for every ε ∈ (0, ε0) and every pε ∈ L20(Ωε), we have
(4.14) ‖pε‖L20(Ωε) ≤
C
ε
‖∇pε‖H−1(Ωε)3 .
Moreover, pε can be decomposed as pε = p
0
ε + p
1
ε, with p
0
ε ∈ H1(ω) (it does not depend
on the variable x3), p
1
ε ∈ L2(Ωε), and
(4.15) ‖p0ε‖H1(ω) ≤ Cε−3/2‖∇pε‖H−1(Ωε)3 , ‖p1ε‖L2(Ωε) ≤ C‖∇pε‖H−1(Ωε)3 .
Proof. By Lemma 4.1, given pε ∈ L20(Ωε), there exist p0ε ∈ H1loc(ω), p1ε ∈ L2(Ωε)
such that (4.1) and (4.2) hold, with C independent of ε. Equality (4.1) shows in
particular that p0ε belongs to L
2(ω). Integrating (4.1) in Ωε and using that pε has
null integral, we get ∫
Ωε
p0ε dx +
∫
Ωε
p1ε dx = 0,
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and thus∣∣∣∣−∫
ω
p0εdx
′
∣∣∣∣ ≤ ∣∣∣∣−∫
ω
p0εdx
′ −−
∫
Ωε
p0εdx
∣∣∣∣+ ∣∣∣∣−∫
Ωε
p1εdx
∣∣∣∣
=
∣∣∣∣−∫
Ωε
(
p0ε −−
∫
ω
p0εds
′
)
dx
∣∣∣∣+ ∣∣∣∣−∫
Ωε
p1εdx
∣∣∣∣ ≤ C ∥∥∥∥p0ε −−∫
ω
p0εds
′
∥∥∥∥
L2(ω)
+
1
|Ωε| 12
‖p1ε‖L2(Ωε).
The ﬁrst term on the right-hand side of this inequality can be estimated by using the
Poincare´–Wirtinger inequality, which gives
(4.16)
∥∥∥∥p0ε −−∫
ω
p0εds
′
∥∥∥∥
L2(ω)
≤ C‖∇p0ε‖L2(ω)2 ,
and therefore by (4.2) we get∣∣∣∣−∫
ω
p0εdx
′
∣∣∣∣ ≤ Cε−3/2‖∇pε‖H−1(Ωε)3 + Cε−1/2‖∇pε‖H−1(Ωε)3 ≤ Cε−3/2‖∇pε‖H−1(Ωε)3 .
Taking into account this estimate in (4.16) and using again (4.2), we have then proved
‖p0ε‖L2(ω) ≤ Cε−3/2‖∇pε‖H−1(Ωε)3 ,
which, combined with (4.2), proves (4.15).
To ﬁnish the proof it is enough to remark that (4.15) implies
‖pε‖L2(Ωε) ≤ Cε1/2‖p0ε‖L2(ω) + ‖p1ε‖L2(Ωε) ≤ Cε−1‖∇pε‖H−1(Ωε)3 .
Corollary 4.3. Let ω be a bounded domain of class C2 of R2 and consider Ωε
defined by (2.3) where δε and rε satisfy (2.1). Then there exist ε0 > 0 and C > 0, such
that for every ε ∈ (0, ε0) and every pε ∈ L20(Ωε) there exists vε ∈ H10 (Ωε)3 satisfying
div vε = pε in Ωε and
(4.17) ‖vε‖H10 (Ωε)3 ≤
C
ε
‖pε‖L2(Ωε).
Proof. Since Ωε is Lipschitz, it is well known that (using that ∇ : L20(Ωε) →
H−1(Ωε)3 has closed range), given pε ∈ L20(Ωε), there exists v∗ε ∈ H10 (Ωε)3 with
div v∗ε = pε in Ωε. This proves the existence of the (vε, qε) ∈ H10 (Ωε)3 × L20(Ωε)
solution of the Stokes problem
(4.18)
⎧⎪⎪⎨⎪⎪⎩
−Δvε +∇qε = 0 in Ωε,
div vε = pε in Ωε,
vε = 0 on ∂Ωε.
Showing that vε satisﬁes (4.17), we then get the result. For this purpose, we use vε
as a test function in (4.18), which, applying (4.14) to qε, gives
‖Dvε‖2L2(Ωε)3×3 =
∫
Ωε
qεdiv vε dx =
∫
Ωε
qεpε dx ≤ Cε−1‖∇qε‖H−1(Ωε)3‖pε‖L2(Ωε)
= Cε−1‖Δvε‖H−1(Ωε)3‖pε‖L2(Ωε) ≤ Cε−1‖Dvε‖L2(Ωε)3×3‖pε‖L2(Ωε)
and then (4.17).
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Proposition 4.4. Let ω be a bounded domain of class C2 of R2 and consider
Ωε defined by (2.3) where δε and rε satisfy (2.1). Then there exist ε0 > 0 and C > 0,
such that for every ε ∈ (0, ε0) and every wε ∈ H1(Ωε) with wε = 0 on ω × {ε}, we
have the following:
(i)
(4.19) ‖wε‖L2(Ωε) ≤ Cε‖∂x3wε‖L2(Ωε).
(ii) The function wε belongs to L
6(Ωε) and
(4.20) ‖wε‖L6(Ωε) ≤ C‖∇wε‖L2(Ωε)3 .
Proof. Statement (i) easily follows using that
wε(x) = −
∫ ε
x3
∂x3wε(x
′, t) dt, a.e. x ∈ Ωε.
In order to prove (4.20), we extend wε(x) by zero for x3 > ε. Then wε belongs
to H1(Ω∗ε), with
Ω∗ε =
{
x ∈ R3 : x′ ∈ ω, −δεΨ
(
x′
rε
)
< x3 < 1
}
,
and thus the result follows from Proposition 4.1 (iii) in [14].
Proof of Theorem 3.1. Taking into account that Ωε is Lipschitz and then that
C1(Ω¯)3 is dense in H1(Ω)3 and that Sobolev’s inequality holds, we have that every
function v ∈ H1(Ωε)3 satisﬁes∫
Ωε
(v · ∇)v v dx = 1
2
∫
Ωε
v∇ |v|2dx =
∫
∂Ωε
|v|2vν dσ −
∫
Ωε
|v|2div v dx,
and so, if v also satisﬁes vν = 0 on ∂Ωε, div v = 0 in Ωε, we get that∫
Ωε
(v · ∇)v v dx = 0.
This allows us to repeat the classical proof of the existence of solution for the Navier–
Stokes problem with homogeneous Dirichlet conditions (see, e.g., [21, Theorem 7.1,
Chapter 1], [24, Theorem 10.1]) to obtain the existence of solution for problem (3.1).
Using uε as a test function in (3.1) and taking into account that div uε = 0 in Ωε and
the boundary conditions imposed to uε, we have
(4.21) μ
∫
Ωε
|Duε|2dx+ γ
ε
∫
Γε
|uε|2dσ =
∫
Ωε
fεuε dx,
where, thanks to the structure (3.2) of fε and estimate (4.19) applied to uε, we can
estimate the right-hand side by∫
Ωε
fεuε dx ≤ Cε 32 ‖Duε‖L2(Ωε)3×3 .
Thus, substituting in (4.21), we deduce the second estimate in (3.3) and then by (4.19)
the ﬁrst one.
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Equation
−μΔuε +∇pε + (uε · ∇)uε = fε in Ωε,
combined with the ﬁrst and second assertions in (3.3) and ‖uε‖L6(Ωε)3 ≤ Cε
3
2 (using
(4.20) and (3.3)) now proves that ‖∇pε‖H−1(Ωε)3 ≤ Cε
3
2 . Then, by Corollary 4.2, we
get the last estimate in (3.3) and that pε can be decomposed as pε = p
0
ε + p
1
ε, with p
0
ε
in H1(ω) and p1ε in L
2(Ωε) satisfying (3.4).
5. Some compactness results. In this section we obtain some compactness
results about the behavior of a sequence (uε, pε) satisfying the a priori estimates (3.3)
and (3.4) combined with the boundary conditions uε = 0 on ω × {ε}, uεν = 0 on
∂Ωε \ (ω × {ε}), but where (uε, pε) is not necessarily the solution of any PDE.
Lemma 5.1. Let uε be in H
1(Ωε)
3 with uε = 0 on ω × {ε}, uεν = 0 on ∂Ωε \
(ω × {ε}), and such that there exists a constant C independent of ε satisfying
−
∫
Ωε
|Duε|2dx ≤ Cε2,(5.1)
−
∫
Ωε
|div uε|2dx ≤ Cε4.(5.2)
Let us define u˜ε ∈ H1(Ω˜ε)3 by (3.6). Then, for a subsequence of ε still denoted by ε,
there exist u˜′ ∈ H1(0, 1;L2(ω))2, w˜ ∈ H1(0, 1;H−1(ω)), and π˜ ∈ L2(Ω) such that
u˜′(1) = 0 in L2(ω), w˜(0) = w˜(1) = 0 in H−1(ω),(5.3)
divy′ u˜
′ + ∂y3w˜ = π˜ in H
1(0, 1;H−1(ω)),(5.4)
divy′
∫ 1
0
u˜′(y′, t) dt =
∫ 1
0
π˜(y′, t) dt in L2(ω),(5.5) ∫ 1
0
u˜′(y′, t) dt ν = 0 in H−
1
2 (∂ω),(5.6)
u˜ε
ε
⇀ 0 in H1(Ω)3,(5.7)
u˜ε
ε2
⇀ (u˜′, 0) in H1(0, 1;L2(ω))3,(5.8)
u˜ε,3
ε3
⇀ w˜ in H1(0, 1;H−1(ω)),(5.9)
1
ε2
divy′ u˜
′
ε +
1
ε3
∂y3 u˜ε,3 ⇀ π˜ in L
2(Ω).(5.10)
Moreover, if div uε = 0 in Ωε, then π˜ = 0, w˜ is in H
2(0, 1;H−1(ω)), and convergence
(5.9) holds in H2(0, 1;H−1(ω)).
Proof. Since uε vanishes on ω×{ε}, estimates (4.19) and (5.1) imply that uε also
satisﬁes
1
ε
∫
Ωε
|uε|2dx ≤ Cε4.
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This inequality combined with the change of variables (3.5) and inequalities (5.1) and
(5.2) imply that u˜ε satisﬁes∫
Ω˜ε
|u˜ε|2dy ≤ Cε4,
∫
Ω˜ε
(
|∇y′ u˜ε|2 + 1
ε2
|∂y3 u˜ε|2
)
dy ≤ Cε2,(5.11) ∫
Ω˜ε
∣∣∣∣divy′ u˜′ε + 1ε∂y3 u˜ε,3
∣∣∣∣2 dy ≤ Cε4.(5.12)
Therefore, up to a subsequence, there exist u˜ ∈ H1(0, 1;L2(ω))3, with u˜(1) = 0, and
π˜ ∈ L2(Ω) such that
(5.13)
u˜ε
ε2
⇀ u˜ in H1(0, 1;L2(ω))3,
and (5.8), (5.10) hold. By (5.13), we also have that
(5.14)
1
ε2
divy′ u˜
′
ε ⇀ divy′ u˜
′ in H1(0, 1;H−1(ω)),
and then (5.10) implies that ∂y3 u˜ε,3/ε
3 is bounded in L2(0, 1;H−1(ω)). Using then
that u˜ε,3 = 0 on ω×{1}, we deduce that u˜ε,3/ε3 is bounded in H1(0, 1;H−1(ω)), and
therefore, up to a subsequence, there exists w˜ ∈ H1(0, 1;H−1(ω)), with w˜(1) = 0 in
H−1(ω), such that (5.9) holds. By (5.13), we get that u˜3 = 0, which ﬁnishes the proof
of (5.8). From (5.9), (5.10), and (5.14), we also deduce (5.4).
Now, we consider η ∈ C∞(ω). Integrating by parts into Ω˜ε and taking into
account that uεν = 0 on ∂Ωε, we get∫
˜Ωε
(
1
ε2
divy′ u˜
′
ε +
1
ε3
∂y3 u˜ε,3
)
η(y′)dy = −
∫
˜Ωε
u˜′ε(y)
ε2
∇y′η(y′)dy.
Since (5.11) and (5.12) imply∫
˜Ωε\Ω
∣∣∣∣ u˜′εε2
∣∣∣∣ dy → 0, ∫
˜Ωε\Ω
∣∣∣∣ 1ε2 divy′(u˜′ε) + 1ε3 ∂y3 u˜ε,3
∣∣∣∣ dy → 0,
we can write the previous equality as∫
Ω
(
1
ε2
divy′ u˜
′
ε +
1
ε3
∂y3 u˜ε,3
)
η(y′)dy = −
∫
Ω
u˜′ε(y)
ε2
∇y′η(y′)dy +Oε.
Passing to the limit in this equality by means of (5.8) and (5.10), we get∫
ω
∫ 1
0
π˜(y′, y3) dy3 η(y′)dy′ = −
∫
ω
∫ 1
0
u˜′(y′, y3) dy3∇y′η(y′) dy′,
which implies (5.5) and (5.6). Integrating (5.4) into (0, 1), we now deduce that w˜(0) =
0, which concludes the proof of (5.3).
Finally, if we assume that div uε = 0 in Ωε, we have
(5.15)
1
ε2
divy′ u˜
′
ε +
1
ε3
∂y3 u˜ε,3 = 0 in L
2(Ω˜ε),
which combined with (5.10) proves that π˜ is the null function. Moreover (5.14) and
(5.15) imply that ∂y3 u˜ε,3/ε
3 is bounded in H1(0, 1;H−1(ω)). Therefore convergence
(5.9) holds in fact in H2(0, 1;H−1(ω)), and so w˜ is in H2(0, 1;H−1(ω)).
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The change of variables (3.5) does not provide the information we need about the
behavior of uε in the part of Ωε close to Γε. To solve this diﬃculty, we introduce an
adaptation of the unfolding method (see [4], [11], [13], [14], [18], and [20]), which is
strongly related to the two-scale convergence method (see [1], [22]). For this purpose,
given uε ∈ H1(Ωε)3, uε = 0 on ∂Ωε \ Γε, and assuming uε extended by zero to the
set Λε given by (2.2), we deﬁne ûε by
(5.16) ûε(x
′, z) = uε
(
rεκ
(
x′
rε
)
+ rεz
′, rεz3
)
, a.e. (x′, z′) ∈ R2 × Ẑε,
with
Ẑε =
{
z ∈ Z ′ × R : −δε
rε
Ψ(z′) < z3 <
ε
rε
}
.
Remark 5.2. For k′ ∈ Z2 the restriction of ûε to Ck′rε × Ẑε does not depend on
x′, whereas as a function of z it is obtained from uε by using the change of variables
(5.17) z′ =
x′ − rεk′
rε
, z3 =
x3
rε
,
which transforms Qk
′
rε into Ẑε. Therefore, the idea in the deﬁnition of the function uˆε
is to realize a dilatation in order to study the behavior of uε at a very small distance
of Γε. In addition, we observe that the change of variables (5.17), with x
′ ﬁxed,
transforms Γε into the surface z3 = −δε/rεΨ(z′), which, thanks to the assumption
δε/rε converging to zero, almost agrees with the plane boundary z3 = 0.
We will use the following lemma, whose proof is elementary and thus omitted.
Lemma 5.3. Let vε ∈ L2(R2) be a sequence which converges weakly in L2(R2) to
a function v. We define v¯ε ∈ L2(R2) by
v¯ε(x
′) = −
∫
Crε (x
′)
vε(η
′)dη′, a.e. x′ ∈ R2.
Then we have the following:
(i) The sequence v¯ε converges weakly to v in L
2(R2). Moreover, if the conver-
gence of vε is strong in L
2(R2), then the convergence of v¯ε is also strong in
L2(R2).
(ii) For every τ ′ ∈ R2, we have
v¯ε(x
′ + rετ ′)− v¯ε(x′)
rε
⇀ ∇v τ ′ in H−1(R2).
Lemma 5.4. We consider a sequence uε ∈ H1(Ωε)3 satisfying (5.1), uε = 0 on
ω × {ε}, uεν = 0 on ∂Ωε \ (ω × {ε}). We define u˜ε ∈ H1(Ω˜ε)3 by (3.6) and suppose
there exists u˜′ ∈ H1(0, 1;L2(ω))2 such that (5.8) holds. We also assume that there
exists the limit λ given by (3.7) and that λ belongs to (0,+∞]. Then we have the
following:
(i) If λ = +∞, then
(5.18) u˜′(x′, 0)∇Ψ(z′) = 0, a.e. (x′, z′) ∈ ω × Z ′.
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(ii) If λ ∈ (0,+∞), then there exists û ∈ L2(ω;V3) with
(5.19) û3(x
′, z′, 0) = −λ∇Ψ(z′)u˜′(x′, 0), a.e. (x′, z′) ∈ ω × Z ′,
such that for every M > 0, the sequence ûε defined by (5.16) satisfies
(5.20)
1
ε
3
2 r
1
2
ε
Dzûε ⇀ Dzû in L
2(ω × Q̂M )3×3.
In addition, if div uε = 0 in Ωε, then
(5.21) divzû = 0 in ω × Q̂.
Proof. We proceed in four steps.
Step 1. Let us obtain some estimates for the sequence ûε deﬁned by (5.16).
For M > 0, deﬁnition (5.16) of ûε and (5.1) prove that for every ε > 0 small
enough (depending on M), we have
(5.22)∫
R2× ̂QM
|Dzûε|2dx′dz = r4ε
∑
k′∈Z2
∫
̂QM
|Duε(rε(k′ + z′), rεz3)|2dz
≤
∑
k′∈Z2
rε
∫
Qk′rε
|Duε|2dx ≤ rε
∫
Ωε
|Duε|2 dx ≤ Crεε3.
On the other hand, deﬁning
(5.23) u¯ε(x
′) = −
∫
Crε (x
′)
uε(τ
′, 0)dτ = −
∫
Crε(x
′)
u˜ε(τ
′, 0)dτ =
∫
Z′
ûε(x
′, z′, 0)dz′,
a.e. x′ ∈ R2, using the inequality
(5.24)
∫
ω
∫
̂QM
|ûε(x′, z)− u¯ε(x′)|2dz ≤ C(1 +M2)
∫
R2
∫
̂QM
|Dzûε|2dz dx′,
and taking into account (5.22), we deduce that
(5.25) Ûε =
ûε(x
′, z)− u¯ε
ε
3
2 r
1
2
ε
is bounded in L2(ω;H1(Q̂M )
3) ∀M > 0.
Thus, there exists û ∈ L2(ω;H1(Q̂M )3) for every M > 0, such that, up to a
subsequence,
(5.26) Ûε ⇀ û in L
2(ω;H1(Q̂M )
3) ∀M > 0,
and then
(5.27)
1
ε
3
2 r
1
2
ε
Dzûε ⇀ Dzû in L
2(ω × Q̂M )3×3 ∀M > 0.
By semicontinuity, inequality (5.22) proves∫
ω× ̂QM
|Dzû|2dx′dz ≤ C ∀M > 0.
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Once we prove the Z ′-periodicity of û in z′ (Step 2), the arbitrariness of M will then
imply that û belongs to L2(ω;V3).
If we assume that divuε = 0 in Ωε, then by deﬁnition (5.16) of ûε, we have
divzûε = 0 in R
2 × Q̂M , which combined with (5.27) proves (5.21).
Step 2. Let us prove that û is Z ′-periodic in the variable z′.
We observe that by deﬁnition (5.16) of ûε, for every M > 0, we have
ûε
(
x1 + rε, x2,−1
2
, z2, z3
)
= ûε
(
x1, x2,
1
2
, z2, z3
)
,
a.e. (x′, z2, z3) ∈ R2 ×
(− 12 , 12)× (0,M), which implies
Ûε
(
x1 + rε, x2,−1
2
, z2, z3
)
− Ûε
(
x1, x2,
1
2
, z2, z3
)
= − u¯ε(x1 + rε, x2)− u¯ε(x
′)
ε
3
2 r
1
2
ε
.
Since uε(x
′, 0)/ε2 is bounded in L2(R2)3, we can apply Lemma 5.3 (ii) to deduce
that the right-hand side of the above equality tends to zero in H−1(R2). Therefore,
passing to the limit in the previous equation by (5.26) and taking into account the
arbitrariness of M , we get
û
(
x′,−1
2
, z2, z3
)
− û
(
x′,
1
2
, z2, z3
)
= 0 a.e. (x′, z2, z3) ∈ ω ×
(−1
2
,
1
2
)
× R.
Analogously we can prove
û
(
x′, z1,−1
2
, z3
)
− û
(
x′, z1,
1
2
, z3
)
= 0 a.e. (x′, z1, z3) ∈ ω ×
(−1
2
,
1
2
)
× R.
These equalities prove the periodicity of û.
Step 3. Using the continuous embedding ofH1(0, 1;L2(ω)) into L2(Γ) and Lemma
5.3 (i), we deduce from (5.8) that u¯ε/ε
2 converges weakly to (u˜′(x′, 0), 0) in L2(ω)3.
Thus, by (2.1) and (5.25), we get
(5.28)
ûε(x
′, z)
ε2
⇀ (u˜′(x′, 0), 0) in L2(ω;H1(Q̂M ))3 ∀M > 0.
Step 4. Using the change of variables (5.17) in the equality uεν = 0 on Γε, we get
(5.29)
−δε
rε
∇Ψ(z′)û′ε
(
x′, z′,−δε
rε
Ψ(z′)
)
− ûε,3
(
x′, z′,−δε
rε
Ψ(z′)
)
= 0, a.e. in R2 × Z ′.
Thanks to (5.22) and (5.29), we then have∫
ω×Z′
∣∣∣∣δεrε∇Ψ(z′)û′ε(x′, z′, 0) + ûε,3(x′, z′, 0)
∣∣∣∣2 dz′dx′
≤ C δε
rε
∫
ω×Z′
∫ 0
−δε
rε
Ψ(z′)
∣∣∣∣δεrε∇Ψ(z′)∂z3 û′ε(x′, z′, t) + ∂z3 ûε,3(x′, z′, t)
∣∣∣∣2 dtdz′dx′
≤ C δε
rε
∫
ω×̂Zε
|∂z3 ûε|2dzdx′ ≤ Cε3δε,
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which implies∫
ω×Z′
∣∣∣∣δεrε∇Ψ(z′)û′ε(x′, z′, 0) + ûε,3(x′, z′, 0)
−
∫
Z′
(
δε
rε
∇Ψ(τ ′)û′ε(x′, τ ′, 0) + ûε,3(x′, τ ′, 0)
)
dτ ′
∣∣∣∣2 dx′dz′ ≤ Cε3δε.
Dividing by ε3rε, using deﬁnition (5.25) of Ûε, and taking into account that ∇Ψ
has null integral in Z ′ and (2.1), we get∫
ω×Z′
∣∣∣∣∣δεε
1
2
r
3
2
ε
∇Ψ(z′) û
′
ε(x
′, z′, 0)
ε2
−δε
rε
∫
Z′
∇Ψ(τ ′)Û ′ε(x′, τ ′, 0)dτ ′ + Ûε,3(x′, z′, 0)
∣∣∣∣∣
2
dx′dz′
≤ C δε
rε
→ 0,
and then, by (5.26),
(5.30)
δεε
1
2
r
3
2
ε
∇Ψ(z′) û
′
ε(x
′, z′, 0)
ε2
→ −û3(x′, z′, 0) in L2(ω × Z ′).
This convergence and (5.28) imply (5.18) and (5.19), depending on whether λ is
inﬁnite or ﬁnite.
Lemma 5.5. Let p1ε be in L
2(Ωε) satisfying
(5.31) ‖p1ε‖L2(Ωε) ≤ Cε
3
2 ,
and (assuming pε extended by zero to Λε) let us define p̂
1
ε by
(5.32) p̂1ε(x
′, z) = p1ε
(
rεκ
(
x′
rε
)
+ rεz
′, rεz3
)
, a.e. (x′, z) ∈ R2 × Ẑε.
Then there exists p̂1 ∈ L2(ω × Q̂) such that, up to a subsequence,
(5.33)
r
1
2
ε
ε
3
2
p̂1ε ⇀ p̂
1 in L2(ω × Q̂M ) ∀M > 0.
Proof. For every M > 0, using the deﬁnition of p̂1ε and (5.31), we deduce that for
every ε > 0 small enough (depending on M), we have
(5.34)
∫
ω× ̂QM
|p̂1ε|2 dx′ dz =
∑
k′∈Z2
r2ε
∫
̂QM
|p1ε(rε(k′ + z′), rεz3)|2 dz
≤ 1
rε
∑
k′∈Z2
∫
Qk′rε
|p1ε(x)|2 dx =
1
rε
∫
Ωε
|p1ε|2 dx ≤ C
ε3
rε
,
and then there exists p̂1 : ω × Q̂ −→ R such that (5.33) holds. By semicontinuity,
(5.34) proves ∫
ω× ̂QM
|p̂1|2dx′ dz ≤ C ∀M > 0,
which shows that p̂1 belongs to L2(ω × Q̂).
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6. Obtaining the limit system and the corrector result. In this last sec-
tion we use the results of the previous sections to prove Theorems 3.3, 3.4, and 3.8
describing the asymptotic behavior of the solution (uε, pε) of the Navier–Stokes system
(3.1).
Proof of Theorem 3.3. From (3.3) and div uε = 0 in Ωε, Lemma 5.1 assures, up
to a subsequence, the existence of u˜′ ∈ H1(0, 1;L2(ω))2 and w˜ ∈ H2(0, 1;H−1(ω))
satisfying (3.8) and the two last lines in (3.10). Moreover, using the decomposition
pε = p
0
ε + p
1
ε given by Theorem 3.1, deﬁning p˜
1
ε ∈ L2(Ω˜ε) by
p˜1ε(y) = p
1
ε(y
′, εy3), a.e. y ∈ Ω˜ε,
and taking into account (3.4), we deduce that, up to a subsequence, we have that
there exist p˜ ∈ H1(ω), which has null mean value in ω (since pε has null mean value
in Ωε), and p˜1 ∈ L2(Ω), such that
(6.1) p0ε ⇀ p˜ in H
1(ω),
1
ε
p˜1ε ⇀ p˜
1 in L2(Ω),
and as consequence
(6.2) p˜ε → p˜ in L2(Ω) 1
ε
∂y3 p˜ε ⇀ ∂y3 p˜
1 in L2(ω;H−1(0, 1)),
which in particular implies the ﬁrst assertion in (3.9).
On the other hand, we remark that (uε, pε) satisﬁes the variational equation
(6.3)
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
μ
∫
Ωε
Duε : Dϕε dx +
∫
Ωε
∇x′p0εϕ′ε dx−
∫
Ωε
p1εdivϕε dx +
∫
Ωε
(uε · ∇)uεϕε dx
+
γ
ε
∫
Γε
uεϕε dσ =
∫
Ωε
fεϕε dx
∀ϕε ∈ H1(Ωε)3, ϕεν = 0 on Γε, ϕε = 0 on ∂Ωε \ Γε.
The proof of Theorem 3.3 will be carried out using suitable test functions ϕε in (6.3).
Step 1. For ϕ˜3 ∈ C1c (Ω), we deﬁne ϕε ∈ H1(Ωε)3 by
ϕ′ε(x) = 0, ϕε,3 =
1
ε
ϕ˜3
(
x′,
x3
ε
)
∀x ∈ Ωε.
Then (6.3) gives
μ
ε
∫
Ωε
∇x′uε,3(x)∇y′ ϕ˜3
(
x′,
x3
ε
)
dx+
μ
ε2
∫
Ωε
∂x3uε,3(x)∂y3 ϕ˜3
(
x′,
x3
ε
)
dx
− 1
ε2
∫
Ωε
p1ε(x)∂y3 ϕ˜3
(
x′,
x3
ε
)
dx+
1
ε
∫
Ωε
uε∇uε,3(x)ϕ˜ε,3
(
x′,
x3
ε
)
dx
=
1
ε
∫
Ωε
f˜ε,3
(
x′,
x3
ε
)
ϕ˜3
(
x′,
x3
ε
)
dx.
Ho¨lder’s inequality, (3.3), (4.20), and ‖ϕ˜ε,3‖L∞(Ω) ≤ C imply
(6.4)
∣∣∣∣∫
Ωε
(uε∇uε,3)ϕ˜ε,3 dx
∣∣∣∣≤|Ωε| 13 ‖uε‖L6(Ωε)‖Duε‖L2(Ωε)3×3‖ϕε,3‖L∞(Ωε) ≤ Cε 103 .D
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Thus, using the change of variables (3.5) and taking into account that supp(ϕ˜3) is
contained in Ω, we get
μ
∫
Ω
∇y′ u˜ε,3(y)∇y′ ϕ˜3(y) dy + μ
ε2
∫
Ω
∂y3 u˜ε,3(y)∂y3 ϕ˜3(y) dy −
∫
Ω
p˜1ε
ε
(y)∂y3 ϕ˜3(y) dy
=
∫
Ω
f˜3(y)ϕ˜3(y) dy +Oε.
Passing to the limit in this inequality, thanks to (3.8) and (6.1), we deduce
∂y3 p˜
1 = f˜3 in Ω,
which combined with (6.2) proves the second assertion in (3.9).
Step 2. Case λ ∈ (0,+∞). This is the most diﬃcult case and will be developed
in more details. First, we remark that thanks to (3.3), div uε = 0 in Ωε, and (3.4), we
can apply Lemmas 5.4 and 5.5 to deduce the existence of a function û ∈ L2(ω;V3),
which satisﬁes (5.19) and (5.21), and a function p̂1 ∈ L2(ω× Q̂) such that deﬁning ûε
and p̂1ε by (5.16) and (5.32), respectively, convergences (5.20) and (5.33) hold, up to
a subsequence.
For ϕ˜′ ∈ C1c (ω × (−1, 1))2, ϕ̂ ∈ C1c (ω;C1 (Q̂))3 such that
(6.5)
⎧⎪⎪⎨⎪⎪⎩
Dzϕ̂(x
′, z) = 0 a.e. in {z3 > M} for some constant M > 0,
ϕ˜′(y′, y3) = ϕ˜′(y′, 0) if y3 ≤ 0, ϕ̂(x′, z′, z3) = ϕ̂(x′, z′, 0) if z3 ≤ 0,
λ∇Ψ(z′)ϕ˜′(y′, 0) + ϕ̂3(y′, z′, 0) = 0,
and ζ ∈ C∞(R) satisfying
(6.6) ζ(s) = 1 if s <
1
3
, ζ(s) = 0 if s >
2
3
,
we deﬁne ϕε ∈ H1(Ωε)3 by⎧⎪⎪⎨⎪⎪⎪⎩
ϕ′ε(x) =
1
ε
ϕ˜′
(
x′,
x3
ε
)
+
δε
λεrε
ϕ̂′
(
x′,
x
rε
)
ζ
(x3
ε
)
,
ϕε,3(x) =
δε
λεrε
ϕ̂3
(
x′,
x
rε
)
ζ
(x3
ε
)
− δ
2
ε
λεr2ε
ϕ̂′
(
x′,
x
rε
)
∇Ψ
(
x′
rε
)
ζ
(
x3
rε
)
.
Thanks to ϕ˜′(x) and ϕ̂(x′, z) equaling zero for x′ outside a compact subset of ω and
(6.5), the sequence ϕε satisﬁes that
ϕε = 0 on ∂Ωε \ Γε, ϕεν = 0 on Γε.
Thus, we can take such ϕε in (6.3). The problem is to pass to the limit in the diﬀerent
terms which appear in (6.3). Before, we remark that since Dzϕ̂ = 0 a.e in {z3 > M}
and (6.6), we have
ϕε(x) =
1
ε
(
ϕ˜′
(
x′,
x3
ε
)
, 0
)
+ gε in Ωε,(6.7)
Dϕε(x) =
1
ε2
2∑
i=1
∂y3 ϕ˜i
(
x′,
x3
ε
)
ei ⊗ e3 + δε
λεr2ε
Dzϕ̂
(
x′,
x
rε
)
+ hε(x) in Ωε,(6.8)D
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with gε ∈ C0(Ω¯ε)3, hε ∈ C0(Ω¯ε)3×3 satisfying (thanks to (2.1) and λ ∈ (0,∞))
ε
∫
Ωε
|gε|2dx ≤ C
(
δ2ε
r2ε
+
δ4ε
εr3ε
)
= Oε,(6.9)
ε2
∫
Γε
|gε|2dx ≤ C δ
2
ε
r2ε
= Oε,(6.10)
ε3
∫
Ωε
|hε|2dx ≤ Cε3
(
δ2ε
εr2ε
+
δ2ε
ε3r2ε
+
δ4ε
ε2r5ε
+
1
ε
)
= Oε.(6.11)
• First term in (6.3). Thanks to (3.3), (6.8), and (6.11), we easily have
(6.12)
μ
∫
Ωε
Duε(x) : Dϕε(x) dx =
μ
ε2
∫
Ω+ε
∂x3u
′
ε(x)∂y3 ϕ˜
′
(
x′,
x3
ε
)
dx
+ μ
δε
λεr2ε
∫
Ω+ε
Duε(x) : Dzϕ̂
(
x′,
x
rε
)
dx+Oε.
For the ﬁrst term on the right-hand side of this equality, we use the change of variables
(3.5) and (3.8), which gives
1
ε2
∫
Ω+ε
∂x3u
′
ε(x)∂y3 ϕ˜
′
(
x′,
x3
ε
)
dx =
1
ε2
∫
Ω
∂y3 u˜
′
ε∂y3ϕ˜
′ dy =
∫
Ω
∂y3 u˜
′∂y3ϕ˜
′ dy +Oε.
Analogously, using the change of variables (5.17), the assumptions on the support of
Dzϕ̂ and (5.20), we get
δε
λεr2ε
∫
Ω+ε
Duε(x) : Dzϕ̂
(
x′,
x
rε
)
dx =
δεε
1
2
λr
3
2
ε
∫
ω× ̂QM
Dz
(
ûε
ε
1
2 r
1
2
ε
)
: Dzϕ̂ dx
′dz
=
∫
ω× ̂Q
Dzû : Dzϕ̂ dx
′dz +Oε.
Therefore, (6.12) can be written as
(6.13)
μ
∫
Ωε
Duε(x) : Dϕε(x) dx = μ
∫
Ω
∂y3 u˜
′∂y3 ϕ˜
′ dy + μ
∫
ω× ̂Q
Dzû : Dzϕ̂ dx
′dz +Oε.
• Second term in (6.3). Thanks to (3.4), (6.7), (6.9), (3.5), and (6.1) we get
(6.14)∫
Ωε
∇x′p0ε(x′)ϕ′ε(x) dx =
1
ε
∫
Ω+ε
∇x′ p˜0ε(x′)ϕ˜′
(
x′,
x3
ε
)
dx+Oε=
∫
Ω
∇y′ p˜(y′)ϕ˜′(y) dy+Oε.
• Third term in (6.3). Using (3.4), (6.8), (6.11), the change of variables (5.17),
and (5.33), we obtain
(6.15)
∫
Ωε
p1ε(x) divϕε(x) dx =
δε
λεr2ε
∫
Ω+ε
p1ε(x) divzϕ̂
(
x′,
x
rε
)
dx+Oε
=
δεε
1
2
λr
3
2
ε
∫
ω× ̂QM
(
r
1
2
ε
ε
3
2
p1ε
)
divzϕ̂ dx
′dz +Oε =
∫
ω× ̂Q
p̂1divzϕ̂ dx
′dz +Oε.
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• Fourth term in (6.3). Using (3.3), (4.20), and ‖ϕε‖L∞(Ωε)3 ≤ C/ε, we get
(6.16)
∫
Ωε
(uε · ∇)uεϕε dx = Oε.
• Fifth term in (6.3). Thanks to uε(x′, ε) = 0 in ω and (3.3), we have that∫
Γε
|uε|2dσ ≤ Cε
∫
Ωε
|Duε|2dx ≤ Cε4.
So, taking into account (6.7), (6.10), and ϕ˜′(y) = ϕ˜′(y′, 0) a.e. in y3 ≤ 0, we have
γ
ε
∫
Γε
uεϕεdσ =
γ
ε2
∫
ω
u′ε
(
x′,−δεΨ
(
x′
rε
))
ϕ˜′(x′, 0)
√
1 +
δ2ε
r2ε
∣∣∣∣∇Ψ(x′rε
)∣∣∣∣2dx′ +Oε
=
γ
ε2
∫
ω
u′ε
(
x′,−δεΨ
(
x′
rε
))
ϕ˜′(x′, 0)dx′ +Oε.
However, integrating in the x3 variable, we have
(6.17)
∫
ω
∣∣∣∣uε(x′,−δεΨ(x′rε
))
− uε(x′, 0)
∣∣∣∣2 dx′ ≤ Cδε ∫
Ωε
|Duε|2dx ≤ Cδεε3,
and so, using that uε(x
′, 0) = u˜ε(x′, 0) in ω and (3.8), we get
(6.18)
γ
ε
∫
Γε
uεϕεdσ =
γ
ε2
∫
ω
u˜′ε(y
′, 0)ϕ˜′(y′, 0)dy′+Oε=γ
∫
ω
u˜′(y′, 0)ϕ˜′(y′, 0)dy′+Oε.
• Sixth term in (6.3). Thanks to (6.7), (6.9), and the change of variables (3.5),
we get
(6.19)
∫
Ωε
fε(x)ϕε(x) dx =
1
ε
∫
Ω+ε
f˜ ′
(
x′,
x3
ε
)
ϕ′ε
(
x′,
x3
ε
)
dx+Oε =
∫
Ω
f˜ ′ϕ˜′dy+Oε.
From (6.13)–(6.19) we then deduce that u˜′, p˜, û, and p̂1 satisfy
(6.20)
μ
∫
Ω
∂y3 u˜
′(y)∂y3 ϕ˜
′(y) dy+μ
∫
ω
∫
̂Q
Dzû(x
′, z) : Dzϕ̂(x′, z) dzdx′+
∫
Ω
∇y′ p˜(y′)ϕ˜′(y) dy
−
∫
ω
∫
̂Q
p̂1(x′, z) divzϕ̂(x′, z) dzdx′ + γ
∫
Γ
u˜′ϕ˜′dσ =
∫
Ω
f˜ ′(y)ϕ˜′(y) dy
for every ϕ˜′ ∈ C1c (ω × (−1, 1))2, ϕ̂ ∈ C1c (ω;C1 (Q̂))3 such that (6.5) is satisﬁed.
By density, this equality holds true for every ϕ˜′ ∈ H1(0, 1;L2(ω))2, and every ϕ̂ ∈
L2(ω;V)3 such that
ϕ˜′(x′, 1) = 0, a.e.x′ ∈ ω, λ∇Ψ(z′)ϕ˜′(x′, 0) + ϕ̂3(x′, z′, 0) = 0, a.e.(x′, z′) ∈ ω × Z ′.
Let us now obtain a problem for u˜′ and p˜ eliminating û and p̂1 in (6.20). For this
purpose, taking ϕ˜′ = 0 in (6.20), we deduce that (û, p̂1) is a solution of
(6.21)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
−μΔzû+∇z p̂1 = 0 in R2 × R+,
divz û = 0 in R
2 × R+,
(û, p̂1) ∈ V3 × L2 (Q̂),
û3(x
′, z′, 0) = −λ∇Ψ(z′)u˜′(x′, 0) on R2 × {0},
∂z3 û
′ = 0 on R2 × {0},
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a.e. x′ in ω. Deﬁning (φ̂i, q̂ i), i = 1, 2, by (3.13), we deduce by linearity and unique-
ness that
(6.22)
Dzû(x
′, z) = −λ
(
u˜1(x
′, 0)Dzφ̂1(z) + u˜2(x′, 0)Dzφ̂2(z)
)
, a.e. in R2 × R+,
p̂1(x′, z) = λ
(
u˜1(x
′, 0)q̂1(z) + u˜2(x′, 0)q̂2(z)
)
, a.e. in R2 × R+.
Now, taking in (6.20), ϕ˜′ ∈ H1(0, 1;L2(ω))2, ϕ˜′(x′, 1) = 0, a.e. x′ ∈ ω, choosing ϕ̂ as
ϕ̂(x′, z) = −λ(ϕ˜1(x′, 0)φ̂1(z) + ϕ˜2(x′, 0)φ̂2(z)),
and using (6.22), we get
(6.23)
μ
∫
Ω
∂y3 u˜
′∂y3ϕ˜
′dy +
∫
Ω
∇y′ p˜ ϕ˜′dy + λ2
∫
ω
Ru˜′(y′, 0)ϕ˜′(y′, 0)dy′
+ γ
∫
Γ
u˜′ϕ˜′ dσ =
∫
Ω
f˜ ′ϕ˜′dy,
with R ∈ R2×2 deﬁned by (3.14). By the arbitrariness of ϕ˜′ we then deduce that u˜′,
w˜, and p˜ are a solution of (3.10) and (3.15).
Step 3. Case λ = 0. As in the previous step, we consider ϕ˜′ ∈ C1c (ω × (−1, 1))2,
with ϕ˜′(y) = ϕ˜′(y′, 0) if y3 ≤ 0. Then, for ζ ∈ C∞(R) satisfying (6.6), we deﬁne
ϕε ∈ H1(Ωε)3 by
ϕ′ε(x) =
1
ε
ϕ˜′
(
x′,
x3
ε
)
, ϕε,3(x) = − δε
εrε
ζ
(
x3
rε
)
ϕ˜′ (x′, 0)∇Ψ
(
x′
rε
)
.
For every ε > 0, the function ϕε satisﬁes ϕε = 0 on ∂Ωε \ Γε, ϕεν = 0 on Γε. So, we
can choose such ϕε in (6.3). Taking into account that, thanks to λ = 0, we have
lim
ε→0
⎛⎝ε3∫
Ωε
∣∣∣∣∣Dϕε(x) −
2∑
i=1
∂y3ϕ˜i
(
x′,
x3
ε
)
ei ⊗ e3
∣∣∣∣∣
2
dx
⎞⎠ = 0,
lim
ε→0
(
ε
∫
Ωε
|ϕε,3(x)|2dx
)
= 0,
and (3.8), (6.1), it is simple to pass to the limit in (6.3) to deduce that u˜′, p˜ satisfy
(6.24) μ
∫
Ω
∂y3 u˜
′∂y3 ϕ˜
′dy +
∫
Ω
∇y′ p˜ ϕ˜′dy + γ
∫
Γ
u˜′ϕ˜′ dσ =
∫
Ω
f˜ ′ϕ˜′dy
for every ϕ˜′ as above, which implies that u˜′, w˜, p˜ satisfy (3.10) and (3.16).
Step 4. Case λ = +∞. We now consider ϕ˜′ ∈ C∞c (ω × (−1, 1))2, with ϕ˜′(y) =
ϕ˜′(y′, 0) if y3 ≤ 0 and satisfying the boundary condition ϕ˜′ ∈ W⊥ on Γ, i.e.,
(6.25) ϕ˜′(y′, 0)∇Ψ(z′) = 0, a.e. (y′, z′) ∈ ω × Z ′.
Observe that this choice of ϕ˜′ implies that ϕε deﬁned by
ϕ′ε(x) =
1
ε
ϕ˜′
(
x′,
x3
ε
)
, ϕε,3(x) = 0,
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satisﬁes ϕε = 0 on ∂Ωε \ Γε, ϕεν = 0 on Γε. Taking such ϕε in (6.3) and reasoning
as above, we can pass to the limit to deduce that (6.24) holds for such ϕ˜′. When
the dimension of the space W deﬁned by (3.11) is zero or two, it is clear, reasoning
by density, that this implies that u˜′, w˜, p˜ are a solution of (3.10) and (3.12). When
the dimension of W is one, we can reason as follows. We consider a unitary vector
ξ′ ∈ R2 generating W . Then, for every ϕ˜′ ∈ C∞c (ω × (−1, 1))2, with ϕ˜′(y) = ϕ˜′(y′, 0)
if y3 ≤ 0, the function φ˜′ ∈ C∞c (ω × (−1, 1))2 deﬁned by
φ˜′(y) = ϕ˜′(y)− (ϕ˜′(y′, 0)ξ)ξ ∀ y ∈ ω × (−1, 1)
satisﬁes φ˜′(y) = φ˜′(y′, 0) if y3 ≤ 0 and the boundary condition φ˜′ ∈ W⊥ on Γ. By the
above proved results, this shows that (6.24) holds for ϕ˜′ replaced by φ˜′, which taking
into account the deﬁnition of φ˜′ gives
(6.26)
μ
∫
Ω
∂y3 u˜
′∂y3ϕ˜
′dy +
∫
Ω
∇y′ p˜ (ϕ˜′ − (ϕ˜′(y′, 0)ξ)ξ)dy
+ γ
∫
Γ
u˜′(ϕ˜′ − (ϕ˜′ξ)ξ)dσ =
∫
Ω
f˜ ′(ϕ˜′ − (ϕ˜′(y′, 0)ξ)ξ)dy.
By density, this equality holds true for every ϕ˜′ ∈ H1(Ω)2, with ϕ˜′ = 0 on ∂Ω \ Γ.
In the particular case where ϕ˜′ ∈ W⊥ on Γ, we have that ϕ˜(y′, 0)ξ = 0 in ω, and
then (6.26) proves that (6.24) holds for such ϕ˜′; i.e., u˜′, w˜, p˜ are a solution of (3.10)
and (3.12).
Proof of Theorem 3.4. To simplify the exposition let us consider only the case
λ ∈ (0,+∞). The other cases are obtained by proceeding similarly.
Integrating once with respect to y3 the homogenized system (3.10), taking into
account that both p˜ and f˜ ′ do not depend on the variable y3, and using the boundary
condition (3.15) on Γ, we get
(6.27) −μ∂y3 u˜′(y) = (f˜ ′(y′)−∇y′ p˜(y′))y3 −
(
γI + λ2R
)
u˜′(y′, 0), a.e. y ∈ Ω.
Integrating again (6.27) with respect to y3, we have
−μu˜′(y) = 1
2
(f˜ ′(y′)−∇y′ p˜(y′))y23 −
(
γI + λ2R
)
u˜′(y′, 0) y3 + C,
a.e. y ∈ Ω, which for y3 = 0 gives that u˜(y′, 0) = −Cμ , and so we have
(6.28) u˜′(y) =
−1
2μ
(f˜ ′(y′)−∇y′ p˜(y′))y23 −
1
μ
(
I +
(
γ
μ
I +
λ2
μ
R
)
y3
)
C.
Now, using that u˜′(y′, 1) = 0, a.e. in ω, we get
C = −1
2
((
1 +
γ
μ
)
I +
λ2
μ
R
)−1
(f˜ ′(y′)−∇y′ p˜(y′)).
Substituting this expression into (6.28), we then get
u˜′(y) =
−1
2μ
(f˜ ′(y′)−∇y′ p˜(y′)) y23
+
1
2μ
(
I +
(
γ
μ
I +
λ2
μ
R
)
y3
)((
1 +
γ
μ
)
I +
λ2
μ
R
)−1
(f˜ ′(y′)−∇y′ p˜(y′))
=
(y3 − 1)
2μ
(
y3I +
((
1 +
γ
μ
)
I +
λ2
μ
R
)−1)
(∇y′ p˜(y′)− f˜ ′(y′)),
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a.e. y ∈ Ω, which agrees with (3.21).
Substituting (3.21) into the second equation in (3.10) and integrating in (0, 1)
with respect to y3, we deduce that p˜ satisﬁes the Reynolds equation which appears in
(3.20). The boundary condition for p˜ in (3.20) just follows using in (see (3.10))∫ 1
0
u˜′(y)dy3ν = 0 on ∂ω
the expression of u˜′ given by (3.21). Finally, expression (3.19) of w˜ is a simple conse-
quence of the second equation in (3.10) and w˜(y′, 0) = 0 in ω.
It remains to prove Theorem 3.8; we will use the following lemma.
Lemma 6.1. For ϕε ∈ H1(Ωε)3, ϕεν = 0 on Γε, ϕε = 0 on ∂Ωε \ Γε, and such
that there exists C > 0 satisfying
(6.29) −
∫
Ωε
|Dϕε|2dx ≤ Cε2, −
∫
Ωε
|divϕε|2dx ≤ Cε4 ∀ ε > 0,
we define ϕ˜ε ∈ H1(Ω˜ε)3 by ϕ˜ε(y) = ϕε(y′, εy3) a.e. y ∈ Ω. Assuming that there exist
ϕ˜′ ∈ H1(0, 1;L2(ω))2, ρ˜ ∈ H1(0, 1;H−1(ω)), and ξ˜ ∈ L2(Ω) satisfying
(6.30)
ϕ˜′(1) = 0 in L2(ω), ρ˜(0) = ρ˜(1) = 0 in H−1(ω),
divy′ϕ˜
′ + ∂y3 ρ˜ = ξ˜ in L
2(0, 1;H−1(ω)),
such that
(6.31)
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
ϕ˜ε
ε
⇀ 0 in H1(Ω)3,
ϕ˜ε
ε2
⇀ (ϕ˜′, 0) in H1(0, 1;L2(ω))3,
ϕ˜ε,3
ε3
⇀ ρ˜ in H1(0, 1;H−1(ω)),
1
ε2
divy′ ϕ˜
′
ε +
1
ε3
∂y3ϕ˜ε,3 ⇀ ξ˜ in L
2(0, 1;H−1(ω)),
we then have that, defining u˜′ ∈ H1(0, 1;L2(ω))2, p˜ ∈ H1(Ω) by Theorem 3.3, the
solution (uε, pε) of (3.1) satisfies the following:
(i) If λ = 0,+∞,
(6.32)
lim
ε→0
(
μ
ε3
∫
Ωε
Duε : Dϕε dx− 1
ε3
∫
Ωε
pε divϕε dx+
γ
ε4
∫
Γε
uεϕε dσ
)
= μ
∫
Ω
∂y3 u˜
′∂y3ϕ˜
′ dy −
∫
Ω
p˜ divy′ϕ˜
′ dy + γ
∫
Γ
u˜′ϕ˜′ dσ.
(ii) If λ ∈ (0,+∞),
(6.33)
lim
ε→0
(
μ
ε3
∫
Ωε
Duε : Dϕε dx− 1
ε3
∫
Ωε
pε divϕε dx+
γ
ε4
∫
Γε
uεϕε dσ
)
= μ
∫
Ω
∂y3 u˜
′∂y3ϕ˜
′ dy −
∫
Ω
p˜ divy′ ϕ˜
′ dy + λ2
∫
Γ
Ru˜′ϕ˜′ dσ + γ
∫
Γ
u˜′ϕ˜′ dσ.
Proof. Taking ϕε/ε
3 as a test function in (3.1), we have
(6.34)
μ
ε3
∫
Ωε
Duε : Dϕε dx− 1
ε3
∫
Ωε
pε divϕε dx
+
1
ε3
∫
Ωε
(uε · ∇)uε ϕε dx+ γ
ε4
∫
Γε
uεϕε dσ =
1
ε3
∫
Ωε
fεϕε dx.
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The third term of this equality can be estimated by (3.3), (6.29), and (4.20) applied
to uε and ϕε, which proves
1
ε3
∫
Ωε
(uε · ∇)uε ϕε dx = Oε,
while the last term can be estimated by using the change of variables (3.5), (6.29),
and (6.31), which easily gives
1
ε3
∫
Ωε
fεϕε dx =
∫
Ω˜ε
f˜
ϕ˜ε
ε2
dy =
∫
Ω
f˜ ′ϕ˜′ dy +Oε.
So, (6.34) can be written as
(6.35)
μ
ε3
∫
Ωε
Duε : Dϕε dx− 1
ε3
∫
Ωε
pε divϕε dx+
γ
ε4
∫
Γε
uεϕε dσ =
∫
Ω
f˜ ′ϕ˜′ dy+Oε.
Using now ϕ˜ as a test function in (3.10) and (3.12), (3.15), (3.16) depending on the
value of λ (for λ = +∞, note that (6.29) and Lemma 5.4 imply ϕ˜ ∈ W⊥ on Γ), we
then deduce (6.32) and (6.33) from (6.35).
Proof of Theorem 3.8. We divide the proof into four steps.
Step 1. We assume λ = 0,+∞; let us prove (3.29).
Thanks to Theorem 3.3 we can take ϕε = uε in Lemma 6.1. Using that div uε = 0
in Ωε and problem (3.10) plus (3.12) or (3.16) depending on the value of λ, we deduce
lim
ε→0
(
μ
ε3
∫
Ωε
|Duε|2dx+ γ
ε4
∫
Γε
|uε|2dσ
)
= μ
∫
Ω
|∂y3 u˜′|2dy + γ
∫
Γ
|u˜′|2dσ,
which, using on the left-hand side the change of variables (3.5), can be written as
lim
ε→0
(
μ
∫
Ωε
(∣∣∣∣Dy′ ( u˜εε
)∣∣∣∣2 + ∣∣∣∣∂y3 ( u˜εε2
)∣∣∣∣2
)
dy + γ
∫
Γ
∣∣∣∣ u˜εε2
∣∣∣∣2 dσ
)
= μ
∫
Ω
|∂y3 u˜′|2dy + γ
∫
Γ
|u˜′|2dσ.
Thanks to (3.8), this proves (3.29).
Step 2. We assume λ ∈ (0,+∞); let us prove that
Eε :=
μ
ε3
∫
Ω−ε
|Duε|2dx
+
μ
ε3
∫
Ω+ε
∣∣∣∣∣Duε − ε
2∑
i=1
∂y3 u˜i
(
x′,
x3
ε
)
ei ⊗ e3 − ε
3
2
r
1
2
ε
−
∫
Crε(x′)
Dzû
(
s′,
x
rε
)
ds′
∣∣∣∣∣
2
dx
+
γ
ε4
∫
Γε
|uε − ε2(u˜′(x′, 0), 0)|2dσ
tends to zero, which in particular will imply (3.31). Developing the expression of Eε,
we have
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(6.36)
Eε =
μ
ε3
∫
Ωε
|Duε|2dx+ γ
ε4
∫
Γε
|uε|2dσ + μ
ε
∫
Ω+ε
∣∣∣∂y3 u˜′ (x′, x3ε )∣∣∣2 dx
+
μ
rε
∫
Ω+ε
∣∣∣∣∣−
∫
Crε(x′)
Dzû
(
s′,
x
rε
)
ds′
∣∣∣∣∣
2
dx− 2μ
ε2
∫
Ω+ε
∂x3u
′
ε ∂y3 u˜
′
(
x′,
x3
ε
)
dx
− 2μ
ε
3
2 r
1
2
ε
∫
Ω+ε
−
∫
Crε(x′)
Duε : Dzû
(
s′,
x
rε
)
ds′dx
+
2μ
ε
1
2 r
1
2
ε
∫
Ωε
∂y3 u˜
′
(
x′,
x3
ε
)
−
∫
Crε(x′)
∂z3 û
′
(
s′,
x
rε
)
ds′dx
− 2γ
ε2
∫
Γε
u′εu˜
′(x′, 0) dσ + γ
∫
Γε
|u˜′(x′, 0)|2dσ.
Let us pass to the limit in the diﬀerent terms of this expression.
• First and second terms. They can be estimated taking ϕε = uε in (6.33), which
gives
μ
ε3
∫
Ωε
|Duε|2dx+ γ
ε4
∫
Γε
|uε|2dσ
= μ
∫
Ω
|∂y3 u˜′|2dy +
∫
Γ
(
γ|u˜′|2 + λ2Ru˜′u˜′) dσ +Oε.
• Third term. We use the change of variables (3.5), which gives
μ
ε
∫
Ω+ε
∣∣∣∂y3 u˜′ (x′, x3ε )∣∣∣2 dx = μ
∫
Ω
|∂y3 u˜′|2 dy.
• Fourth term. Using the change of variables (5.17), (6.22) and deﬁnition (3.14)
of R, we get
μ
rε
∫
Ω+ε
∣∣∣∣∣−
∫
Crε(x′)
Dzû
(
s′,
x
rε
)
ds′
∣∣∣∣∣
2
dx = μ
∫
ω
∫
̂Q ε
rε
∣∣∣∣∣−
∫
Cε(x′)
Dzû(s
′, z) ds′
∣∣∣∣∣
2
dzdx′
= μ
∫
ω
∫
̂Q
|Dzû|2dzdx′ +Oε = λ2
∫
Γ
Ru˜′u˜′dσ +Oε.
• Fifth term. The change of variables (3.5) together with (3.8) proves
−2μ
ε2
∫
Ω+ε
∂x3u
′
ε ∂y3 u˜
′
(
x′,
x3
ε
)
dx = −2μ
∫
Ω
∂y3
(
u˜′ε
ε2
)
∂y3 u˜
′ dy = −2μ
∫
Ω
|∂y3 u˜′|2dy+Oε.
• Sixth term. We use the change of variables (5.17), statements (5.20), (6.22),
and deﬁnition (3.14) of R, which gives
− 2μ
ε
3
2 r
1
2
ε
∫
Ω+ε
−
∫
Crε(x′)
Duε : Dzû
(
s′,
x
rε
)
ds′dx = −2μ
∫
ω
∫
̂Q ε
rε
Dzûε : Dzû dzds
′
= −2μ
∫
ω
∫
̂Q
|Dzû|2dzds′ +Oε = −2λ2
∫
Γ
R u˜′u˜′dσ +Oε.
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• Seventh term. We consider sε > 0 such that
(6.37) lim
ε→0
sε
ε
= 0, lim
ε→0
sε
rε
= +∞.
Then we remark that the change of variables (3.5) gives
(6.38)
1
ε
∫
{0<x3<sε}
∣∣∣∂y3 u˜′ (x′, x3ε )∣∣∣2 dx =
∫
{0<y3< sεε }
|∂y3 u˜′|2 dy = Oε,
while the change of variables (5.17) and the Cauchy–Schwarz inequality prove
(6.39)
1
rε
∫
{sε<x3}
∣∣∣∣∣−
∫
Crε(x′)
∂z3 û
′
(
s′,
x
rε
)
ds′
∣∣∣∣∣
2
dx
= r2ε
∑
k′∈Z2
∫
Z′
∫ ε
rε
sε
rε
∣∣∣∣∣−
∫
Ck′rε
∂z3 û
′(s′, z)ds′
∣∣∣∣∣
2
dz3dz
′
≤
∫
ω
∫
Z′
∫ ∞
sε
rε
|∂z3 û′(s′, z)|2dz3dz′ds′ = Oε.
From (6.38) and (6.39), we get
2μ
ε
1
2 r
1
2
ε
∫
Ωε
∂y3 u˜
′
(
x′,
x3
ε
)
−
∫
Crε(x′)
∂z3 û
′
(
s′,
x
rε
)
ds′dx = Oε.
• Eighth term. Using ∫
Γε
|uε − uε(x′, 0)|2dx = Oε
and (3.8), we have
−2γ
ε2
∫
Γε
u′εu˜
′(x′, 0) dσ = −2γ
∫
Γ
u˜′ε
ε2
u˜′ dσ +Oε = −2γ
∫
Γ
|u˜′|2dσ +Oε.
• Ninth term. We have
γ
∫
Γε
|u˜′(x′, 0)|2dσ = γ
∫
Γ
|u˜′|2dσ +Oε.
The estimates obtained for the diﬀerent terms on the right-hand side of (6.36)
prove that Eε tends to zero and then (3.31).
Step 3. Let us now prove that (3.28) holds.
By Corollary 4.3 and (3.3), for every ε > 0 there exists φε ∈ H10 (Ωε)3 satisfying
(6.40) divφε = pε in Ωε, ‖φε‖H10 (Ωε)3 ≤
C√
ε
∀ε > 0.
Applying Lemma 5.1 to the sequence ϕε = ε
2φε and taking into account (3.9) and that
φε = 0 on Γε, we deduce that, up to a subsequence, there exist φ˜
′ ∈ H1(0, 1;L2(ω))2
and ψ˜ ∈ H1(0, 1;H−1(ω)) satisfying
(6.41)
φ˜′(0) = φ˜′(1) = 0 in L2(ω), ψ˜(0) = ψ˜(1) = 0 in H−1(ω),
divy′ φ˜
′ + ∂y3ψ˜ = p˜ in H
1(0, 1;H−1(ω)),
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such that deﬁning φ˜ε ∈ H10 (Ω˜ε)3 by
φ˜ε(y) = φε(y
′, εy3), a.e. y ∈ Ω˜ε,
we have
(6.42)
εφ˜ε ⇀ 0 in H
1(Ω)3, φ˜ε ⇀ (φ˜
′, 0) in H1(0, 1;L2(ω))3,
φ˜ε,3
ε
⇀ ψ˜ in H1(0, 1;H−1(ω)), divy′ φ˜′ε +
1
ε
∂y3 φ˜ε,3 ⇀ p˜ in L
2(Ω).
Applying (6.32), (6.33) to the sequence ϕε = ε
2φε and using φ˜
′ = 0 on Γ and (6.40),
we have
(6.43)
lim
ε→0
(
μ
ε
∫
Ωε
Duε : Dφε dx− 1
ε
∫
Ωε
|pε|2 dx
)
= μ
∫
Ω
∂y3 u˜
′∂y3 φ˜
′ dy −
∫
Ω
p˜divy′ φ˜
′ dy ∀λ ∈ [0,+∞].
Since p˜ does not depend on y3, we deduce from (6.41) that∫
Ω
p˜ ∂y3 ψ˜ dy = 0,
and then by (6.41), the last term in (6.43) can be written as
(6.44)
∫
Ω
p˜ divy′ φ˜
′ dy =
∫
ω
|p˜|2 dy′.
Now, we reason depending on the value of λ.
If λ = 0 or +∞, we use that (3.29), (6.40), and (6.42) imply
lim
ε→0
1
ε
∫
Ωε
Duε : Dφε dx =
∫
Ω
∂y3 u˜
′∂y3 φ˜
′ dy,
and thus, by (6.43), (6.44), we have
(6.45) lim
ε→0
1
ε
∫
Ωε
|pε|2 dy =
∫
ω
|p˜|2 dy′.
Using the change of variables (3.5) and that p˜ε converges weakly to p˜ in L
2(Ω), this
easily proves (3.28).
If λ ∈ (0,+∞), we apply Lemma 5.4 to ε2φε at the place of uε, which combined
with φ˜′ = 0 on Γ proves, up to a subsequence, the existence of φ̂ ∈ L2(Ω;V3), with
(6.46) φ̂3(x
′, z′, 0) = −λ∇Ψ(z′)φ˜′(x′, 0) = 0, a.e. (x′, z′) ∈ ω × Z ′,
such that the sequence φ̂ε ∈ L2(ω;H1(ω × Ẑε))3 deﬁned by
φ̂ε(x
′, z) = φε
(
rεκ(
x′
rε
) + rεz
′, rεz3
)
, a.e. (x′, z) ∈ ω × Ẑε,
satisﬁes
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(6.47)
ε
1
2
r
1
2
ε
Dzφ̂ε ⇀ Dzφ̂ in L
2(ω × Q̂M )3 ∀M > 0.
Using (3.31), (6.40), the changes of variables (3.5), (5.17), and the convergences
(6.42), (6.47), we deduce
1
ε
∫
Ωε
Duε : Dφε dx =
∫
Ω
∂y3 u˜
′∂y3 φ˜
′
ε dy +
ε
1
2
r
1
2
ε
∫
ω× ̂Q ε
rε
Dzû : Dzφ̂ε dx
′dz +Oε
=
∫
Ω
∂y3 u˜
′∂y3 φ˜
′ dy +
∫
ω× ̂Q
Dzû : Dzφ̂ dx
′dz +Oε.
Therefore, (6.43), (6.44) give
(6.48) lim
ε→0
1
ε
∫
Ωε
|pε|2dx =
∫
ω
|p˜|2dx′ + μ
∫
ω× ̂Q
Dzû : Dzφ̂ dx
′dz.
On the other hand, using the change of variables (5.17), and taking into account
(6.40), (3.3), we have
∫
ω
∫
̂Zε
∣∣∣∣∣ε
1
2
r
1
2
ε
divzφ̂ε
∣∣∣∣∣
2
dz dx′ =
∫
Ωε
|divφε|2dx ≤ Cε2,
and thus by (6.47) we deduce
(6.49) divzφ̂ = 0 in ω × Q̂.
By (6.46) and (6.49), we can take φ̂ as a test function in (6.21) to obtain
∫
ω× ̂Q
Dzû : Dzφ̂ dx
′dz = 0.
Therefore (6.48) proves that (6.45) also holds in the case λ ∈ (0,+∞), which allows
us to conclude (3.28) as above.
Step 4. In order to ﬁnish the proof of Theorem 3.8, it remains to show (3.27).
We consider a sequence sε > 0 satisfying (6.37). Using that uε and u˜
′ vanish on
ω × {ε} and ω × {1}, respectively, and taking into account (3.3), (3.29), (3.31) and,
in the case λ ∈ (0,+∞), (6.39), we easily get
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1
ε5
∫
Ω−ε
|uε|2dx+ 1
ε5
∫
Ω+ε
(
|uε,3|2 +
∣∣∣u′ε − ε2u˜′ (x′, x3ε )∣∣∣2
)
dx
≤ 2
ε5
∫
Ωε∩{x3<sε}
|uε|2dx+ 2
ε
∫
Ω∩{x3<sε}
∣∣∣u˜′ (x′, x3
ε
)∣∣∣2 dx
+
1
ε5
∫
{x3>sε}
(
|uε,3|2 +
∣∣∣u′ε − ε2u˜′ (x′, x3ε )∣∣∣2
)
dx
≤ 2
ε5
∫
ω
∫ sε
−δεψ( x′ε )
∣∣∣∣∫ ε
x3
∂x3uε(x
′, t)dt
∣∣∣∣2 dx3dx′
+
2
ε3
∫
ω
∫ sε
0
∣∣∣∣∫ ε
x3
∂y3 u˜
′
(
x′,
t
ε
)
dt
∣∣∣∣2 dx3dx′
+
1
ε5
∫
ω
∫ ε
sε
(∣∣∣∣∫ ε
x3
∂x3uε,3(x
′, t)dt
∣∣∣∣2
+
∣∣∣∣∫ ε
x3
(
∂x3u
′
ε(x
′, t)− ε∂y3 u˜′
(
x′,
t
ε
))
dt
∣∣∣∣2
)
dx3dx
′
≤ 2(sε + Cδε)
ε4
∫
Ωε
|∂x3uε|2dx+
2sε
ε
∫
Ω
|∂y3 u˜′|2dy
+
1
ε3
∫
{x3>sε}
(
|∂x3uε,3|2 +
∣∣∣∂x3u′ε − ε∂y3 u˜′ (x′, x3ε )∣∣∣2
)
dx = Oε.
This proves (3.27).
Acknowledgment. The authors thank Didier Bresch for interesting discussions
and many suggestions concerning this paper.
REFERENCES
[1] G. Allaire, Homogenization and two-scale convergence, SIAM J. Math. Anal., 23 (1992),
pp. 1482–1518.
[2] Y. Amirat, D. Bresch, J. Lemoine, and J. Simon, Eﬀect of rugosity on a ﬂow governed by
stationary Navier-Stokes equations, Quart. Appl. Math., 59 (2001), pp. 769–785.
[3] Y. Amirat, B. Climent, E. Ferna´ndez-Cara, and J. Simon, The Stokes equations with
Fourier boundary conditions on a wall with asperities, Math. Models Methods Appl. Sci.,
24 (2001), pp. 255–276.
[4] T. Arbogast, J. Douglas, JR., and U. Hornung, Derivation of the double porosity model of
single phase ﬂow via homogenization theory, SIAM J. Math. Anal., 21 (1990), pp. 823–836.
[5] G. Bayada and M. Chambat, Homogenization of the Stokes system in a thin ﬁlm ﬂow with
rapidly varying thickness, RAIRO Model. Math. Anal. Numer., 23 (1989), pp. 205–234.
[6] G. Bayada and M. Chambat, New models in the theory of the hydrodynamic lubrication of
rough surfaces, Trans. Amer. Math. Soc. J. Trib., 110 (1988), pp. 402–407.
[7] N. Benhaboucha, M. Chambat, and I. Ciuperca, Asymptotic behaviour of pressure and
stresses in a thin ﬁlm ﬂow with a rough boundary, Quart. Appl. Math., 63 (2005),
pp. 369–400.
[8] D. Bresch, C. Choquet, L. Chupin, T. Colin, and M. Gisclon, Roughness-induced ef-
fect at main order on the Reynolds approximation, Multiscale Model. Simul., 8 (2010),
pp. 997–1017.
[9] D. Bucur, E. Feireisl, and S. Necˇasova´, Boundary behavior of viscous ﬂuids: Inﬂuence of
wall roughness and friction-driven boundary conditions, Arch. Rational Mech. Anal., 197
(2010), pp. 117–138.
[10] D. Bucur, E. Feireisl, S. Necˇasova´, and J. Wolf, On the asymptotic limit of the
Navier−Stokes system on domains with rough boundaries, J. Diﬀerential Equations, 244
(2008), pp. 2890–2908.
D
ow
nl
oa
de
d 
05
/2
3/
16
 to
 1
50
.2
14
.1
82
.1
69
. R
ed
ist
rib
ut
io
n 
su
bje
ct 
to 
SIA
M 
lic
en
se 
or 
co
py
rig
ht;
 se
e h
ttp
://w
ww
.si
am
.or
g/j
ou
rna
ls/
ojs
a.p
hp
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
1674 J. CASADO-DI´AZ, M. LUNA-LAYNEZ, AND F. J. SUA´REZ-GRAU
[11] J. Casado-Dı´az, Two-scale convergence for nonlinear Dirichlet problems in perforated do-
mains, Proc. Roy. Soc. Edinburgh Sect. A, 130 (2000), pp. 249–276.
[12] J. Casado-Dı´az, E. Ferna´ndez-Cara, and J. Simon, Why viscous ﬂuids adhere to rugose
walls: A mathematical explanation, J. Diﬀerential Equations, 189 (2003), pp. 526–537.
[13] J. Casado-Dı´az, M. Luna-Laynez, and J. D. Mart´ın-Go´mez, An adaptation of the multi-
scale methods for the analysis of very thin reticulated structures, C. R. Acad. Sci. Paris
Se´r. I, 332 (2001), pp. 223–228.
[14] J. Casado-Dı´az, M. Luna-Laynez, and F. J. Sua´rez-Grau, Asymptotic behavior of a viscous
ﬂuid with slip boundary conditions on a slightly rough wall, Math. Models Methods Appl.
Sci., 20 (2010), pp. 121–156.
[15] J. Casado-Dı´az, M. Luna-Laynez, and F. J. Sua´rez-Grau, A viscous ﬂuid in a thin domain
satisfying the slip condition on a slightly rough boundary, C. R. Acad. Sci. Paris Ser. I, 348
(2010), pp. 967–971.
[16] J. Casado-Dı´az, M. Luna-Laynez, and F. J. Sua´rez-Grau, Estimates for the asymptotic
expansion of a viscous ﬂuid satisfying Navier’s law on a rugous boundary, Math. Methods
Appl. Sci., 34 (2011), pp. 1553–1561.
[17] J. Casado-Dı´az, M. Luna-Laynez, and F. J. Sua´rez-Grau, The homogenization of elliptic
partial diﬀerential systems on rugous domains with variable boundary conditions, Proc.
Roy. Soc. Edinburgh, 143 (2013), pp. 303–335.
[18] D. Cioranescu, A. Damlamian, and G. Griso, Periodic unfolding and homogenization,
C. R. Acad. Sci. Paris Se´r. I, 335 (2002), pp. 99–104.
[19] W. Ja¨ger and A. Mikelic´, Couette ﬂows over a rough boundary and drag reduction, Comm.
Math. Phys., 232 (2003), pp. 429–455.
[20] M. Lenczner, Homoge´ne´isation d’un circuit e´lectrique, C. R. Acad. Sci. Paris Se´r. II, 324
(1997), pp. 537–542.
[21] J.-L. Lions, Quelques me´thodes de re´solution des proble`mes aux limites non line´aires, Dunod,
Gauthier-Villars, Paris, 1969.
[22] G. Nguetseng, A general convergence result for a functional related to the theory of homoge-
nization, SIAM J. Math. Anal., 20 (1989), pp. 608–623.
[23] L. Tartar, Topics in Nonlinear Analysis, Pub. Math. Orsay 78 13, Universite´ de Paris-Sud,
De´partement de Mathe´matique, Orsay, 1978.
[24] R. Temam, Navier–Stokes Equations and Nonlinear Functional Analysis, CBMS-NSF Regional
Conf. Ser. in Appl. Math., 41, SIAM, Philadelphia, 1983.
D
ow
nl
oa
de
d 
05
/2
3/
16
 to
 1
50
.2
14
.1
82
.1
69
. R
ed
ist
rib
ut
io
n 
su
bje
ct 
to 
SIA
M 
lic
en
se 
or 
co
py
rig
ht;
 se
e h
ttp
://w
ww
.si
am
.or
g/j
ou
rna
ls/
ojs
a.p
hp
